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Abstract.
TlLt' lhesi.~ t~onsis1.s Ilf two tlisLin<"1. bllt <"I"st'1.1" n'lalt'd parts, 111 l.Ilt' lil'.~L 1',11'1, II'"
prl'St'l1t all ,mnlysis of tIl(' ,lll,l;ul;Lr d"lWlIIl"Ilt"t' IIf tilt' IIpl'''!" nili,.alli..l.l ..f a tYlu'
II Sl1pcl'conducting mill, llsing L1a' til' (;"IlIll'S,WI'l'tlliLl1l1'l' fOl"HliIlistll. '1'111' l"t'slIlls
arc prcsented for a range of lhi~kl1t'Sst'S, wllirh indlltll's t.11<' slw"ial ,',IS<' "r tilt'
semi-infinite gcomctry, 1\1](1 for all ol'i"lllal.iulis 11 < 0 < nf!.. It is Sh..WlL tllal
Qtl'cflll consideration is l'('ljllin,l! to renNt' .. till' lilllil.ill~ pill'Hlh'l lipid "HS" (/J -.
0) from the lillitt, 0 t"delll"ti,,", A l'omp'lriSllll with l,,,rti,,!" \\'ol'k ill this m<';1 is
givcn and it is ~hown that mow ddiLilt'tl alii I sysll'lIlaLk t'xl'l'I'illll'llt.al ,~I.II.li,'s an'
n~quircd ill onlL,r to n$oIVl~ tilt, dilfl,rt'Ilt'''s Ill'Lwt"'1I .'xp"rillll'1I1 ;,ntl lll<'lI"y. III
the sL'Cond part, the tcmpcratuw dCpl'Il(1cIlt:t, of tilt: piLralld "PI"'l' ni1.ind li"ld
for i\ layered sllpcrcomllictor is illv('stigilLt~d will.ill til(' fl',ullt'wlIrk of tl,' (;"llIll's,
vVerthamer tllt'ol'y, The rcslIltllllt "PIll'r t:riti':illiidd l'IlI'VI'S ,II'" SllllWII t" I", st.l"tlll~ly
dcpcmlcnl upon tl.c IJI'(~llceof th" fl"l'l' SUrral:t, 1111,1 tlw dllll"ild.'r of I.Ilt' initial I"y,'r
deposiled 011 an illsulillctl suhsLI'alt" A dirm:L ,:t>lllp,Lrisllu of Lilt, ,.;,kllla1.l'd 1I1'Pt~I'
criticallicltl turves with lhe cxpcrimclll1l1 rellults Oil Nl,/NbZr hLy,~r",lliLrll!:Lllrt'Sis
given, The rcslilts lire in good Illl;r<'Clll"uL provi,lct! llll' l'iLir-hrt'akiIiK df""L "f tilt,
spin paramagllclislll is inchllbl.
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Chaptcr 1
Introduction
III I!JII, l\iLl111~rlillgh Onnes [II .liscovered thc SllllcrcondllcLing slale chilrac-
tl'rizI',1 hy tlte iLpp'~iLrnnce of zero c1(',ctrical resislance of a metal, !lelow a certain
t,'rnJl,~riLl,llre, referrcd lo as the transiliol1 temperalure Te , The subscqucnt discovcry
of llu) Meissncr c1f('d [2J rcv(~al,~1 a more fundal11el1lill a..'ipcct of supcrconductivity.
Tlw Meissller dr(~cl is i(I'~iLli:wll as a tolill cxpulsiol1 or the magnelic flux from a
molal ill 1I1c slipercoliducLin,ll; slalc placed in a weak magnctic field.
[II lila c11L'iS or materials referred to a..~ lypc I superconductors, thc total expulsion
"r the' magnolic /lux from tile sup.~rconducior, referred to as lhe Meissner slale,
l"~l'sisls np to some crilical fidd lIe(T), above which thc melal makes a first order
I.r;llIsitiull ttl the IItlrtlHlI slate. The rcvcrsiIJility of thc Meissncr clfed indicates that
tht~ Slllll~l":(Jlldudillg1\'ldssllcl' stale is a thcrmodynamic state. The difference ill free
('I lei'S)' hd.WC(~ll lhc normal stale itrHllhe supcl'condudlng stalc ill zcro field lIlay be
,'xpro'ss,~(l ill terms or thc critical field as 1l;(T)j(8'1f). This free energy difference is
l.ypklllly rderrc,l to as the condeusation energy and He(T) as the thermodynamical
nitici(l ficld. Early cxpcrimcnts (3] fUl'lher showed that the condensation cnergy
gUl'll to 'l.('fl) 11S '1' --+ 1~, iudicating that thc tra.nsition to the supcrconducting statc
ill Zt'l'U lipid i~ il wlititillUIIS trausitioll,
011(' uf t~llrlicst th<..'Orolical dt~scri]llions or lhe superconduding stale, proposed
II)' GilL~IJl1rg allll Lal1llnu (GL) [4], was basetl all the premise lhat the supercoll-
,Iuding stalc was characterized by the appearancc of au. order parameter Jcscribed
C/Jllpter 1. flltrodur:tj()II
11~(x)l1 is iclenLilil'{! as thl' 1I11111111'r d.'IlSity of sup,·n'un.lnl"1ill,!!; "1lrri,'rs wil.1! .-1Hlr,!!;,'
e" == 2c, Due to Lhccolltiul1olls natllrl'"I' I,lil' tr,lIIsil,iUIi 011. '1'== 'f:., it, \1'ilS rllrl,llt'r as"
sUllled that tile order parmnctl'r \\'I'nLLo ;:t~rn ;n till' limit 'I' -> 'f:" This illll'li.·,< thai,
the cOl1(lensaliotl energy cuuld he l'xpilndt~d ilS a f11lll"tiolial 'I'ilyl"r s,'ri.'s in p.,\\,,'rs uf
tlw order parameter ,Iml its spatial d,'rill<ltil't',~,sllhj"rt til l1u' ['<lsi(" n"llIi'·'·II1l'liI.~ tor
symllletry, such as translational inv,lriann~ <llld ph'ls(' inl'<lriillll"(', or tht· fn~'I·IIt'rR\'
fUllctiullal. It lVas ShOlV1I tlll1l thl' lluaiitativi' .h·s.... il'ti"l1 "r tIll' Slllll'lTtJllIln('Lin,!!;
state close to Te f(~qllircd that only qll,Ulriltil: tl'frllS illthl' spatial lkriw,l,il"'s of till'
order parameter, anti quadratic anti lillartic tllflllS in thl' unl,'r p"r"llll'l,l~r, lll't'd Ill'
retained, The response of the slll'l'fcotldlldof lo an 'lpplied m'l~Ill'1.i(" li.,I,1 is ilt:,',ml-
plishc<l, in the GL theory, by the gange invariant fI~pliu:l~nllmt V' -t (V - i£-A),
where A denotes 1he vedaI' potl~lllial (h == V' x A) lwd .p" lll'nuLl's tll'~ !lux Illlallllllll
The contribntion of Lhe ga.ll~t! invariallllll~riv;ltivl~ of llll' I'Wllph'x wav,~ rUllcli"Il,
Iw(x)lci\O(X), to the free energy in ca, tll(~ory llHlY he slllJaraLnl iutll tlllO d;stind. parts,
The IirsL parL rei ales 10 the spatial variation of tlll~ a1ll1)litlld~, (VI'~(x)l)\ while LlII~
second part relales 10 the spatial variatioll or the ph"Sl~, wliidl appl~ilrs thrlJnJ;h tlll~
gauge invariant con1ributioll ~[V'!f' - ~A11, This s<,cuud par·t mn lw ;dl~llliljl~d
as the contrihulion of the Meissller Cllrrellt [:.1. All illHllysis uf llll, dl~drolllil,!!;lld.il"
rt:spol\se of lhesllpcrcolldlictingsLatl~in the frilllwlllork of til" <;1, lll(~ory n~l:I'VNs l.h,~
earlier result ob1ained by Lhe plicllornenulogieal LOII(lun 1h"ory [fil tl,al 1.Il(~ rW'J;III~tio:
nux in a supcrconducting meLal is (illalltizl~d with a II11X quantnlll if,,,,
The minimiza1ion of tile GL fTCl' (ll!ergy, lo ohlain Llw Ilfjuilil,riullI stlLlI:, yidds il
set of coupled non-linear partial (Iilferelltial Ilquatiolls for 1I11~ spatial varil.til>ll uf tIll:
order parameter \II(x) and the magndk liidd. Tile l!ljuatiulis am (lXllfI:SS(~f! ill t(~rIllS
(;/Iil/JI,':rl. /utmdur-tjolJ
of two distincL Icugth scall~ ~(1') ami >'('1'). wllcre ~(T) is the GL coherence length
wlJi.:1J dl'sl:rih.:s Llw Icngth scale associated with tIle spatial vilfiation of thc order
IHLI·;um:ll:r 111111 A(T) is tile penctratioll dcpth 1L~sodlI.tcd wilh the spatial variation
tlw illtl~rfl1d JlllLgndk fidd h(x}, It is possible to resnll~ the GL free energy, order
par1LlIIder and I.mgth sr:i11(~s sHch tIm!. the rc.~\lltatlL cqnations depend only on a.
sin,l!,h~ l.l:lnIJ(~r;'llll"(:,illllqwlldl'lIl l,amllWWr,. = A/~,
1\ I,rikosov jloillLl:d out {7J llHit for llwtal.~ such that ~ > 7i, the Meissncr state
;s thol'rll"dyll1l1l1ically Hllstahk ;.hovt: il ,:crtain valne of tllc applict.l external field,
r\,fl,rred to as lower critical riel,1 110[, This instability arises as a consequence of the
nt~g;ttivc ,~llrface Cntlrgy associated with the interface between superconductiug and
110J"lII,t! tllJltl1liliS irlthc GL theory for ~ > -j;. At the lower critical field, the Meissner
sl,lIl,' milapses, allowing l11agrH'tk flnx to enter the bulk of the ~upercollductor ill the
f"r1l1 uf v()rlin~s. Each \'ortex carries i\. Nillgh~ qUllutU1ll of nux, As the applied field
further increllscs, lIlore f1nx (]1mnta enter the snperconductor and rorlll a magnetic
vortcx latticc, At. a parlicnlar valne of the applied field, rcferred to as the upper
ni1.i'~i\.llidtl 1102 , the SlIpcl'conductor lllldergocs a continuous phase transition to the
!lurltml pli"st:, TI1\' sllp('rfOudllcting stale at Ila is characterized uy the vanishing
lllilgllitlidcof tIle order Ilarmw:ter 11/11 -+ 0 anti 1IU uniform inlerlti\l field h(x) --t H.
TIlt' supcrmlldllcting state existing between JlcI and 1I<2, with the vortex lattice
s1.rur.l.ure, is rderrt.'(l to as the mixed stale, A metal with,. > 7l is identified as a
l.yp,~ II sllp,'rcolllillclor. 1l ill pOllsible to iutroduce a third length scale associated
\\'ith tllc vtll'kx latl..ce ,Icfillctl by ~/1 = flj;, where fi/ may be identified as the
1I1l111ber density of 1ll1lguclic nux lilluntll in units of t:.
For Ii < 7:. the surfan' ellcl'gy associllkd with the iuteloface betwccll SUpeI'COll-
dlldillg anti 110r111111 ,!Olllllilis is positive lind the supercollductillg state ;5 dominated
hy the 1\'lcissller c1Tt.'(;l. Nevertheless, instead of a total expulsion or the magnetic flux
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as expected, the SIl]l(,l'COlldllC'ltJr milY I'xhihil a domain strud1l1'l' runsistillg uf .lis-
li1lct supercomlnding nlllllllll·lWlll't'giuns. diu' III 11(,IIl<l,~lH'1.i;(i11.i\l11 ,'II',','I.s m<s"t'ialt·tl
with the shl'l]le of llll~ spl'(".iuwn, Tllis slat.' is IIsu<llI)" n'ft'H",] In ilS I,ll<' inl.'·l"lIH'di-
ate slat{~. The particular \,,,1111' Ii = 7; Ullll' ]lrtJvitll's il rrit,niun ftlr distill/l.uishin/l.
betwccn a type [ !\ml a type II slIllI'rCUlldllt"l.llr. \Vhil,~ G1, llll'lH")" /l.iI·,'s risi' ttl nn
impressive description or SlIpt'rnHldllftivity, tilt' SlIpt·l"l"tllldud,in.c, "rdt'!" l'i1rilmt't."1"
illfol'llll\tion as lo l1w micros.'opk natllr<' uf I,ll<' Slllll'ITllIulllt"l,ill.c, s(.a1.,'. Tllt'villidil.y
of the GL theory was I!\l(~r vt~rifit'd hy Cor'kov's (I:l]work in nJlHu't'tillj!,llw (:l, urdt'r
paramcler to the pair 'llllplillld,~ uf llll~ 1llicl·(J.~C()pit: lies tlu'tlr.v [!I].
Thc microscopic origin of snpen:omlndivily Wi'S firsll;iv(~11 in 11 nlmlt,l pml'lISl'd
by Bardccll, Cooper and Schridfl~r [9J (BCS). In lilt' lies I.lIml'y. llll' pllon"n lIwoli-
ated attractive interaction among tIlt' dl~drons in a lIU'tlt1/!,iws riS',t" illl illsl.<I11ilil.y
of the Fermi surface ill the normal pl11ls(~ illlil 11 1It~\\' mit:rusr'oIJi<' sllllt~ ilPl'l'iHS nIl"
responding to a lower ground slat(~ t'll(~rgy. ill wlli('11 Uw (·ll'(:l.rtlIlS Iwaf Llll' F..rllli
surface with opposile mOl1lenta alit! :o;pin hilltl to form Cflllpr~r pairs, I\l III\\' I.l'lW
peratme, the pairs arc correlaled witllin lhl~ BCS coh(~rencl~ It'lI,t;Ul <,.. 'I 'Ill' sllldy
of lhe excitation spectrum in 11 self-c()llsist(~nl mean fidtl appwximllliull wVl:i1ls Ull~
existence of an energy glLp 6(T) ill tile Illlilsi.dedrun sp.~clrllm, whir.1I illf:rt~iL~t::l
continuously from zero at '1' = '/~ to iL sillllmletl Villlu~ 6(U) ill 'I' ¢: '/~, MallY of lIll'
supcrconducting properties Cllll l)(~ inkrprdcd in tt~rnlS uf l.lle lies llll~.ry loy virtlll'
of the existence or this energy glLp. The sllp\~r(".ulldllditlg trallsiliun ll:lIll,nritlllrt:
'l~ of a metal relates to the energy gap al ;0-,(:1'0 tcmper:tllln, Llirull,t;h ~ = 1.7fiil
aud the relative finite difference of .'l]>l:dfic IWlLt of tlll~ dl,drtms lit 'J~ is expressf'll
as ~IT< =~ = 1.4:1 with ( <!(:nutillg Lire 1l.i(:lllllllllJ ;(l~l;t furu:tioll. '1'11(:111:
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rd'ltiulls, wlddl IiCS theory preclids arc univcrsal, arc satisfied to a good approxi-
miltion I,y a large dass of slIpercondudillg Illiltcriab and deviations from thcm can
he ill;mlluted for hy geul:mlizlltiollS of BCS theory, e.g. strong COlll)ling theory. It is
ILI~v(~rthdf~ss diffkultto apply the BCS theory to all inhomogeneous superconduding
syskrll dlll~ tu till' eOllllllcx sclf-~ollsisl.cll~y r.D1I{litiolJ l'cqllircd by the microscopic
lllC,,,ry.
C;or'kuv [H] SIlC(·CS.~flll1y derivI:d tlw Cillzhurg-Lall(lall c<[uiltiollS from the micro-
scopic LIes tllt~ory [9] dO/;I~ to Hill tl'1lllsition temperature, Te , by means of a Green's
fll1rction lIlethod. Ill.' showed tlmt tile fact that lhe charge c· in the phenomenolog-
iral GL lIrc.,'Ory t:l'Juals 2c is consistent with the microscopic pairing mechanism, and
that the lipatially varying microscopic pair amplitude, :F :;= (t/'r(x)1PI(x')), where
ifl,.,(X) dClloles tlll~ wave function of an d(~dron with Spill Cl', WAS IlTOllOrtionalto the
OL llIacr(J.~col'ic (lmilltlllll wave flillctioll tV(x). In particular, (lj!l(x)lj!l(x')) '# 0 in-
dit:lItl~ tire nppearallcc of olr-diagonal long range or<ler in the sllperconducling state
,wd Urattlll: plillse sYlllllletry of the Hamiltonian is broken in the superconducling
stall'. Tire elluivlllcllcC or the spatial variatiou of the 1lair amplitude in the BCS
1.I11'ory lwd Ule phcnomcnological orc!l'ir parameter in the GL theory allows a defilli-
lioll o{ tlrt: (:1. CUlll~r(me~t· length awl p(~lldratiotr dcptlr in lerms of the microscopic
parameters of lhe BCS lileory.
The: microscopically derived GL tlrcory is Ilsually referred to as Ginzburg-Landau-
Abrikosov-Gnr'kov (GLAG) theory. This t1tlrivatioll laler was exlended hy Maki {IO]
anti lie Genues (l J] lo include the entire temperaturc range close to the upper crit-
kld lidd 11 ~ fle2 in the dirly limitl « e~ where I denotes the mean {ree path. A
furtlll:r generalization of the GLAG theory for arbitrary mean free path was pro-
posed hy 1I1·lraml-Werlhnlllcr-JI,laki-Tsllzuki-Eilenucrger [12, 13, 14, 15], referred to
as IlWMTE Ult'ory. It is impurtalll to not(l, however, that the I1WMTE theory is
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derived ouly ror the case or a hOlllogl'IlPollS ~llpl'rrollllnctillA sillllpl" ill ;\ \"Ililstallt
magnclic field, while UI(' dirty limiltht'l)ry propost'll hy fo.l'lki 1Int! lit' (;t'lIl1t'S is \'alit!
for samples of arbitrary sll1\pt: [Iii].
(n addition 10 its imporlance: ill Ild('r1l1illillg till' t'h'dnmwgllt'l,il' prnlwrtit·" ur
type II supcrcolldudors in the Illixt'll stilt,:, the spaLial variatioll uf 1.lll' <:1. unkr
parameter plays all important !'Ole ill propt·l·til's ass(ld,~I<,,1 with p,1'Illl1l'l.ry, in wllidl
thc length scale is compamblc with Lho..~l· 1('llgth scalps ill C[, Lll1'ury. »;,II"1j,'r I~X'
Ilcrilllenlal cvidcllce, whic11 serve:. to illll"tl'atl~ till' illlporl,'I1 ...· uf tIll' p;1'Imll'try, W;l"
givcn by Khukhareva [17] in his t:Xjlel'i,1wllts 011 the critil;;\1 tidll ur ,~slllll:n:ullilud­
iug mercury film ill a parallel "PIIlicll field. 1\lll1kIH~reva SlillWt'll I.h;lL 111t~ nil.iral
fic1d varies inversc1y as thc thickllCss of tl1\1 film (/ lind that, c1usc to thl~ tl';lIlsitiotl
temperature T., the critical fidd varics itS II" oc ..;r;='T', in '·Olll.r<l."t tu wlml is
observecl in a bulk S1\111I)le, in which Ci~se IJ. oc ('I~ - '1'). Th,· tlll'UI'diml dl"~I:rip.
tion of the lhickncss-depmlllclIt critical fidd lleh;~vi(Jr Illily bt~ u!Jl,lirll'll within till'
framework of llie linearizcd GL lheury ill tilt' \.llill lilm limit [lUi, t,,/!,dll('l" witll 1I1t~
GL houllJary colltlitiull that. (V - i~A) .. III =:: 0, wlll~r(: 11 th~lI(Jtl~S till: 1:(}IIIIJ"rlt~\l1.
norma.l to thc film surface. It ~honld he nolctl that tlds ,:b(Jil:(~ of l,uIIIIIIIII'y ,:on·
Jition is based on the experimcntal obscrwl.tion that tim SUIJl'rcu1lllnding lilll1 h,~'l
the same transition telllpcrature T. lit zeru applied lidll <IS 1I11~ IJlllk IlIaLI~ri;d. In
contrast., the other possible boundary conditioll, IjI =:: 0 llt the snrflu:t~, yid,ls it ZI~rtJ
transition tell1peratUrt~ ill tllc thin fillillilnit [IR). ill (:ul1lr;Lllit:~illn witli I~Xllt~rillll~lItal
observation.
The studies of the upper critical richl fur this simple lilm gt~ulldry with arhilrary
thickness d were then exlended by Saint·.Jiunes IIntl lie (;I1I1I1CS [I!'], illlll Tillkhal11
[20] using the lincarizecl GL lh<..'Ory. III tlle former C;~<;I:, Saillt-.Jall1t~<; IIl1fllle <:,~rllll'll
showed that when the field is applbl parallel to the lilm, thCll, fur l1iolll~raldy 1Ilick
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films, the (Jrllcr paliUTlcter iLt lhe upper critical field was confined to a region ,..., ~II
IIl:ar 1I11: slirfac{:. This surface sllpercondtlclillg sliLte rcsulh ill all enhallCe1l1ellt
of till: IIppl'r critical lidll even ill 1I1ll limit rl --+ 00. The upper critical field is
~I'lIllJ'illly rufl,rred to a_~ I/o ilnd siLiislies tire relation I/c3/11'2 = 1.69. In the thin
film limit, II --+ 0 , Tinkililill dl~l"ived all iLpproximate analytical expression for U;c
all~lllar Illlpl'lllll'lI<:I' of till' 1I1'I>I:r critical field, 11(0), at Ibwil telltpcrature 'I' antI
LilliS rdlLllld illl' I'Xllllrilllclllal 1111,iLSIlrCIllClll of tlil' angle-dellCllIlellt nppllr critical
Silillt-.Jlllll(~~ [ll} lalcr siudil:<lthe angular dcpendence of Lhe upper critical fichl
fur films wiLh arhitrary thickness in lhe limit 0 --+ 0, within the framework of GL
llwury, by IlIllallS of a perturbation expil11SiOll witll respect to O. In particular, Saillt-
.JiLIIWS Jlointlld out lhat lI11l logadthmic derivative of the upper critical field with
1'('Spl'd. to 0, lilll6_Uf,~I,.,as afundiun of~ exhihits a cusp at r1 = 2.55~JI, flo
lillidililtivdy dilfcrcnt result from that obtainetl cl\r1ier by Tinkham. TIle tllcoretical
1'l"l:<lidioll of til is cusp was subsequently confirmed experimentally {22, 23]. Howevcr,
Tlltllllpson (lll] poilltctl out that tllerc was II mathematical error in Saint-James'
pl~rtllrbatioll eX]lllllsion.
TIll! cxisLmwl1 of the lillitc sillpe ill 11(0), ill the limit 0 --+ 0, al1tl the cusp in the
vlllue of lila!, slope aL a particular vallie of redllccd thickness, are the l"esult of subtle
and lIon-trivilllllspeds of the clrccts of gcometry on the upper critical field and the
crossover from two dimensional to three dimelll:iiOllal behavior. To understand this
wc lIole that ill the pamllcl field CiLSe the magnetic field is screened by the persistent
CIII'I'Cl1t ill the 51lrfilCC of thc superconductor. However, as the field is lilted the
Ilux I1Il1st penclrate the superconductor. This indicates that a qualitative change
in tIlt' spatial distrihution of lhe internal magnetic field and current must occur as
L1le fidLI is bdllg tilted. It is this that underlies the appearance of the finite slope
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in lim,_o rr~ll' I- 0 ill th" limit 0 ..... 0, Thl' c'xi~l"tl<'" "f lit" ,'usl' arisc'S as a
consequence of the fact that LIlt' nat un' of the s..n',·nin~ ill Lltl' ]I'lr,dh'l Ii, ,I,] ,',\S"
challge~ qUiLlital.ivdy with thl' apw'ar,wCl' (If \"IJr1.,'x s1.ah's fllr tl > :! •.",.",tll. '1'1",
value of lhe slope and the appl'ari1Il("<' of th,~ t'-ItSP ,tf(' lIlt'rd"l"l' a SI'llsili\"(' itt<li .."L"r
of the clfccls of gco1l1dry, ami tIm (Iisen'pam:y hl'l.W"I'tl \.11<' n'Sllll.s of 'l'ltUl11pSlln
[2'1} and Saint-Jamcs [21j is th('1"<'fort, of sum,' i1l1110rI.1Ill("<'. \Nhil" it IHnj"r l'"rLi"lI "f
this thesis is concerned with Ull~ evaluatiun uf till' II tlq)<'tlCt.'Il("<~ uf 1.11<' uIIP,'r o:ritiral
field for films of II.rhit.r'lry thit:kll"ss, wc' ,'x;lluitw v,~ry "i1r"flllly lhl' l",lt1lvi"r ill !.Ill'
limit 0 ..... o.
Another aspect of supercum!lldivity in whirh lim sp'd.ial vllriatioll or Lllt~ pair
amplit.ude plays an important role is thl' SIlIWrml1dlldil1~ I'rl!XillliLy ,'lfn'L '1'111'
proximity effect descrihes the IlheulJtlwlIotl that on~llrs Whl~ll two .listinC'l, lllt'l"lls, ;lL
lellst onc of which is supercIJlldllcLing, af(~ s1l1Wrpnsl'<1 ill Sildt it WilY Llt;lt ,dpdrotls
from aile c,Lll tUl1nel into th,\ oUter. This dfl'd gi\'l:s rise Lu a wid., vllfil'ly uf
interesting phenomena, Moslllolahly iL nltl indlE':I~ il lilli1.tl pilir "ltIl'lil,ud,' in all
l1on-superconducling metal. The si1ll]JlesL l!,C'tlllldry ill whit:h llll~ proximity I'lfcd
plays an important role is in a mctallic hill~yer cOllsi,~Litlg uf a Jilin cl>lllprisl~,1 Ilr
two distinct metals sellarated by II. plallar il1terfat:t~ ll~lllLlly .I.~ltut(~l fly NS', Tltc~
superconduct.illg properties of such ,~y~tel11s, tlotalJly tlt,~ trILllsiljOll t(~tl1pc~r'llllrc and
the upper critical field, have heen tit,! .~llhjc\Ct uf e:tIllsi.leral,lc ,~xlmriltf(mlill and
theordical sl.udy,
All obvious generalization or Ull: l11clidlic bili~y,~rs itre llIultilamdlar strlld.llfl~!I
such as superlattice geomelries cOllsisting of illkruating 1<.yt1fS of .liIf(~rl:lIt tYlws uf
metals. Such systems arc of particular interest ,,_~ tlw proximity df(~d C:<Ut ~iv'l
rise to a spalial coherence in thc order [JllflLlm:tcr U,al c:xletul5 ;u:r05S lHauy ,listinc:l
layers. Such systems can cxhibittlte r.1taritct,:ristic50f IJfJllt l.worli/rl<:lIsiolliLl syStl:1ttS,
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lypicltl1y a.~s(Jdatl:d with thin films, or three dimensional systems. A wide variety
tlle review 'Irtide [251 hy .lil1l1nll l{cLtersoll, and art~ the suhjcct of II llllljor portion
uf tIll) rt~~c:.m;ll dc~r.rjlwd in this thesis.
~.:lJdl of Llle rl~f;I~JlL tllt:ordkal work Ull tlw superconulJcting properties of proxirn-
il.y f:"1Jplt~fJ slJpl~rla1.1.il~f's is nJlln~rnc~d witll Llw calr:lIlation of the transition tcmper-
aLlJrc~ and Ilppt~r critical field for wI.l"1011s ,'omhinatiolls of metals [2,,1. !\'!,wy of these
,~aklll;l.tiolJs are !lased on the fommlislll proposed uy de Genncs [26J ill the 1960's,
dl~rivcd from the lincarized Gor'kov thcory. Writing the kernel that appears in the
lirUJaril'.cfl Gur'kov cflllatioll as a sum over Matsubara frequencieswn := (2n+ 1)1rk8T
(II = O,±l, ±2," .J, de Cknnes postulated that eilch term ill the series would satisfy
II. diffusion t'fillation, in which thl) splltia[ variation of the kernel is ch ..l.taderizcd by a
MI~tslihatil-frecIlJCl1cy-dcpel1tll'nt coherence length, (" = If!!., whcre D denotes the
dedrflll diffusion constant, III particular, de C:ennes solved the diffusion equation
rur twn geulllctries, an semi-infinite gcometry with Olle free surface and an infinite
l,illl.yer systelll with olle illterface, In the former case, <Ie Gennes derived the bound-
ary rflllditioll that the normal derivative of the kernel goes to zero at the frcc surface.
This lCiltls to tile tl'sult that the normal derivative of the pair amplitude must also
gu til ZI'I'O at the frce surface. This <lerivation Jltovides the microscopic basis for the
plrtmtllllellological GL boundary condition, (V - i3;;A)" I1t =O. In the laUer case,
<Ie Gf~l1lL('S derived contil1l1ity conditiolls for the normal derivative and the amplitude
or the kernel at the illkrface in tel'll1S of the diffusion constants, density of slates
at t1lf~ Fermi s1lrface and the DeS conslants of the component melals. This leads
tutllf' btJundary conditions for the pair amplitude:F al the interface that F(x)/Ni
and IJi(V - i~A)"F(x) nrc continuous, where N; denotes the dellsity of states at
1~~l'lLli surfilet: anti Dj denotes the diffusion constant for i = N, S respectively. In the
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absence of 1111 applied field, de GI'lllle~ also sllowed that tIl\' thirklU'.~.~ dC'llc'IlIh'lwc' nf
the tran~ition lC1I1pcratllr(' of it thin l1illl,Vl'1' s,I':;!.t'l11 NS n'dlln'.~ lu till' c'ildiel' n'sull
of Cooper [27) for all NS hill1ycr,
Using a sOI1\(·.lI'lIl1t dilfnt'nt "1'pw;L\'h. liaSI'd 1111 lJ1l' (:n'l'n's flllll'l,;ull IIIc'l.IlI"I,
Werthamcr [28] derivilfl an l'xplidt ''xpression fur tilt' kl'l'rll'l of" hl1lrruj.!,"IH'urrs SIIP'T-
conductor of aJ'biLrary shape ill the dirty limit 1I1r.llon~W;,\·,'lc'rrj.!,lll apl'l'oXiml,liorr.
The linearizell Gor'kov illtl~gnd c'flllatiun Wl1S t1l(~11 c';,sL irrl.u II tlilft'rc'rrt1al "tllllltiUI1
satisfied by the pair 1tmplitut!" in lIrt~ SIlIl\'rrunthll'tilll; g(~lllH'try, Wt'r1.h;rrrll'r ar-
gul..'Ii that the dilrercllti"l (orm of tht~ lill";lri~(~d Cur'kuv t'tilliltillll rnay Ill' dil'l'I'Uy
applied 10 a bilayer system Logdlrl!r witlr a prupcl'ly ,.h"st'rr c'urrtirrrriLy t'tl1ltl;tiull
imposctl on the pair ampliLrllle at LIr., it1t"rfac~I~, \Vhilt~ \N,'rLhallwr'H f"rrwdism rllay
be obtained in terms of de Gellll(,:(' lIWtl1'y ;n thl' oll(~-fwllllt~rwy alll'rllxill1aLiurr fIJI'
a thick bilayer system, it is llevcrLhdt~s illlptJrtmrL ttl Iru!.,· lImt, fur a thirr billlyl'r
system, lire Cooper limit [27) call not 1)(' f('e:tlvc'I'(~d ill tlw Wt~rllrarrrt'l' forrrralislll,
It is well cstalllishcll [251 that tire WcrlhiUllt~r fornlillisl11 usually tJVt'lTSlill1atl's l.1rl'
Lransitiun temperature of il tlrin I,ililyt:r syHlt:m at ;'A'nI fidel [:m]. Tlr.: lllUtrrtilil-
tive dilTerellce hctwccll the reslIlt obtail1l~d rrulll Ill' C:I~rrll"s' tlrl~,ry ilntl tlr;~t ob-
tained from Werthamer's formalism llIay be altri!JIlLed to Lire apllrCIxirwlliuu lirkl~rr
by Wcrthamcr, ill which the non-local naLure or lhe lirwilri~,~.1 (;ur'k"v lIrl~IfY for
a thin bilayer system was ignored, while de C:Cl1lles treat(:t1 lim lloll-localiLy in 1.111'
dirLy limit exactly by solving the diffusion Clilliltioll of UlI: kt~rnd rill' a J,ilily(~r ,~YHtl'l1I
with arbilrary lIrickness.
Despile lhe fact that Wcrl.h1l1l1er's forlllalism is Illr ilJlprt,xil1lill.l~ I.Imory, it Iras
been applied lo a wide variety of hilayer an.1 sandwich system~, iJrr~url'lJrllL(:tl wi I,ll
de Genllcs' boundary condilions [:W]. The formali.~1l1 l1iL~ also IJI:cn exlclUJ.sl to
mullilayer systems, hased all the a.~sulllption Lllat dn GCllne~' l,oundiLry ClllllJitiollS,
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11(~riVf:d for lhe single iutcrfaec casc, can Iw generalizell to the multi-interface case. It
is liXlh~cll:<1 that for il IIlllltilaylir ~ystelll CUUiJ!OSlld of moderately thick layers, both
WIlrthalller's formalism and (Ie Cell lies' bOUllllary conditions arc applicable. This
C:;1.~C is usually rdcrred to as the de CI!l111cs-Wcrthalller (DW) proximity coupling
1I1l!(}fy.
tvkuull alld Arnold I:~UI wert~ the first to iLpply the OW thmry Lo a bimetallic
1111p!illlbll'li of tILe upper critical field. They cOllcllHlt~1 th.~.t the ilpplication of the
DW tht'llry ill a slJpel'laHice rt'lluces to solving for the ground state of the Cooper
]lair al1lplillll!C in a periodic putential. In the absence of an appliCiI field, they found
thiLl. the tTilllsitiOIl tlilllpcmtllrc T, is enhallcl'll in comparison with the cOl'respolltlillg
hililYI~r SysttlllI. In tIle parallel fielll CllSI~, they rOllIul that the uppcr criticul field
liXhihits n tlllllllt:raturc dependence, aL hil;h temperatures, similar to that of a bulk
IlLaterial, while at low temperatnres, the IIpper critical field is dramaLically enhanced,
ill analogy with the case of lL superconductillg Iillll. This theoretical result provided
a l]lmlitativc inlerpretatioll of the experimental phenomella found earlier in the work
\If Clum d 11.1. 0\\ an Nb/Cu ~ll!wr1;~tlice [31], aud later in Brollssmd and Geballe's
work UlllUl Nil/Tn sllperlaltice (321. The dra\\littic enhancement of the upper critical
licll! cxllibilecl ill its tellllltiratllre dCpUlidellCe ill a sllperlaltice is rcCerred to as
dinwnsjllnal aossover.
Biagi et a1. [:J3} studied the superconductor-normal-metal superlaltice using
1.11(1 Ilirty limiL version [34J of the Eilenberger theory [35J. With properly chosen
parameters, their tht.>orctical results showed good agreement wiLh experimelltal data
[:111 ror the perpendicular upper critical field. In particular, it exhibits a positive
curvature, ~, at high Lemperatures consistent with experimcntal observation.
N(~\'{'rLhdl's~, the temperature dependcnce of the parallel upper critical field, and
CIUlpter I. II/troductioll
thus the dimensional 'ro~~OVl'r. Wt~n' nut nJ\','r..d ill tlwil' wurk.
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A syslematic mclhOlI of <lpplyin~ tIll' .It' (;"ll1H'S IIll'tJl'Y til il supl'rl:l1.l.in' \\'as
laler !>f0IJoscd by Takahashi and Tln:hiki [;WJ ('1''1'), ill wllidl 1.11<' "akll1alioll fur
boUI perpendicular and pa1'nllt'l Ill1IU'I' l'1'i1.i"<l1 Iic'lds from till' lill,'ariz,~1 (;ur'k,,\'
CClllatioll is reduced to solving all l'igl'lIvahl<' "lIll.,Lioll, illrurpor;,t,in~ til<' ,leo (i,'lUl<'S
continuity oollllitiollS al Llle illtt-rfiln'l< or tIll' SlIlll·r1<11.1.in', ()llt' illl,I'j"t's\.iUI-\ ;ll'l'lk;,·
tion of the 1'1' rOl'll1alism WlIS to it slIpt'r1alli,',· ""11"istill~ uf tWtl slll"'rnIlHblt"tillE:,
mdals, whicb share the SilHle hulk trallsition t;,mlwrnl.l1rt' 1'1:..; = TN) bll1. w"idl 11;1\'"
diITel'ent. dilrllsioll constants (I)s i- ON)' As w,~ will shllIY lakr, thl' '1''1' ftJrmalisllI
reduces exactly to the DW flJrmalism ror this II;ntit'1l1ar syslt'lIl. Fur p;Il,tirll1ar
ranges of the ratio DS/ON ll11tlthe mod1l1ation [1~lIgth, Llll'y sh"w tllil!' lilt' paral-
lel upper critical field cxhibits 11 c1iscun1.irlllolls slopl' as a rlllll'lioll ur lt~nlpt'l'alnr<~.
This effect, referl'ed lo as the 1'akahashi-'j';u:hiki dkd, pl'llvitlc's a t:rilil:;d t~XIl"r­
irnenlal test or the application of lire lie GI!llll{'S lh"ory or Ilro:<illlily t~CJIIl'lil1l-\ ltl
lI1ultilayer systems. TI1t~ subsequent experillwlllal lVork or I\ltrklll dOli. [:17J un
Nb/NbTi sllpcrlalticcs, 1<1IWII.~al'lil d ,,1. [:11:IJ 011 Nh/NbZr sllllC,rIIlUiC'l~~,alltl Anrl.s
et a1. la9, 40, 41] 011 Nb/NbZr sllpcl'1allices, c[llalita1.ivdy c:tltdil'lllt~c1llrr~ dfl!c:tllft"
dieted by Takahashi and Tachiki. The TT theory wa.~ l;lll!r gr!lll!ralixt!<[ Ily Auvil,
Kctlcrsoll and Song [42J to include spin-orhilal scallcriug ami Spill parallwl-;llctism,
The transilioll temperature of a superlaltic(! at ;,.ero field in the lhin layer and thic~k
layer cases, and the upper critiCil1 fidel hc1l1~vi()l", w(~re "XI}"rillll~lIliLlIy t:x;lllline,1 by
Kcllerson's r:roup [25, 20, 4:3, 14, 1.'), 46, 17J, alill various Ull..'(jr<~til:al n~ults olltairlCJl1
from the OW theory anel the TT Uleory were ClJmpareti with 1I11J "XIIIJrillll!lllal c!allL,
III the absence of an applied lield, tlrey showed [2!i]lllatlll(! transilion lClllpl!r;.lllrCll
ca1culaled for both the bilayer and llll~ slJpcrlilllice system IIsing the 'jw/, furmalism
in the thin layer case arc in good agrL'ellwlll with the eXlwrirmmlalllala. For tire
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llli.:k li~YI~r c<tSI~, thl~ theoretical results ohlain(~d fr01l1 hoth the TT and the D\V
fUTlilillistrl a~r(~~ willI the experimental data.
In iulrlitioll to th(: dl:vdopnll'lll of the DW theory, the application of tile dirty
limit vl:rsioll of I~ilcllbergcr theory [3~, :l!i]lo sUllcrconduclor-fcrromagnct super-
lattin's lVil.~ further I:arril:d oul by Radovic el al. ['18, '191 following the work of
Ilia~i d al. [:1:11. 'I'bis LYI'I: "f SllflerlaUil:c iN charilckrized by the pair hreaking
tlI,~d"'t1islll ill the fl:rrOllllll;ndic laya 1!1W to the litrong cxclHlugc ficl.l. By 11 c;l.1'cful
..1l"k'1 "f parallldel's, lladovic d al. were able to obtaiu good agrC'lmlCllt with ex,
pc:rimclIl.,tl dillil 011 the telllperature (]cpclldcllCC of the pCrj>cndicular and parallel
"PI'('I' critical field ror 11 VIFe Ilmllilayer system [44], except in a narrow region or
Ll~lIll't~mtlln\ ill which the dt:viatioll or the (',alculated parallel upper critical field
rrtllil tllc t~:<pcrilllclilal data rClllains IIl1exlllainc<l.
Whilt: 111l' dred I'n,didctl by Takahashi and Tachiki was confirmed qualitatively
loy ,I 11llllllJ('r or t~xpcril1lclltal resulh, nevertheless, a quantitative comparison or the
tlll'urt'lil:,ll f('sllits with thc cxpcrimcllL, which would provide a critical test or the
l'xistillg lhcOl'dicalllimlcl, was absent. Praclically, thc samples llsed iu cxperimcuts
"n~ Illultilayer S~'stcllls with two bOllndarics, which breaks the finite translational
illvarinlll'c assllllwd in a model or superlatticegeol11etry. Saint-Jamcs and de Genues'
SIIIll'ITtllldurtilig sheath theory {ID} showcd that the existence of a free surfacc could
I'llhallCl: the par"lIelupper critic"l field in a hOlllogent'Olls sample. This surface effect
may play all importallt role as well ill a Illultilayer system with free boundaries.
TIll'rdol"l', a l"I'01listi('. llIodd of a lI111ltilaycr system should include the influence or
1.111' fn·t' surface in ddt'rlllining tlw parallel upper critical field. Yuan and Whitehead
P',O, [,l]modt,lt-d n practirallllultilaycr system as a superlaltice with one free surface
(sl'lIIi-inlinit(' SU[ll't111u.ice). TIl<' two-('ompollcnt superlatlice is assumed to satisfy
till' nllldiliolls \Is = \~'\I, N." = N". ,Te_" "" TeN ami Ds # DN, while the first layer
Cilapter I, fntrodllCiiOIl
ma.y be eilher 5 type sllperrondllctor or N l)'pc SUpt'rt'oIHItI\'lor, This stlldy letl
to it number of qualilalive tllt'ordicnl prpdidiotls t.hat arist, ns :1 t'UllSt'tj1ll'II('t' of
snrface and lhe inlcrfllcial dft'ds, St'\'t~r;d of t.lll'st' pre',li"lio\1s han' lW<'1I nmlirnu... l
experimentally [41] ami 11 sysl.t'llliltit' fumpilristln nf lilt' ~llt'ordil";)II't':<IIIt.~ lI'it.ll lilt'
experimental dala [:Ji, 38, ;}9, 40, .j I] showed e)(('('llc'lll qU;lnl.il.illivc' ap,n't'l1lt'ut.. 'l'hi~
work will form the second major part of t.his lIlC'sis llllll tht' \'llriUllS rt'~nlls will Ill'
detailed in the sllbserpltmt dlllpl.t~1's. An dt'l~i1I1~ nllalysis alLll I"t'vit'w al"tidt~ of 1.1lt'
development of the D\V 111cory ill 11l1lIlil'lyt~r syslt'l1ls \\',lS n'.'t~l\I.ly p,il't'll I,)' 1.lldth'1'
ami Kopenlraad [.52J,
The outline of the thesis is as fullows: [n C:h"plt~1' ~, Wt' rt~vit~W tilt· Illino,
scopic theory or inhomogeneons supc~rr:nnd1lfln1's, Slllrtilig fWIll tilt, drt~divt' Hes
Hamihoniall [9], we will derive the lineilri:l.1'd Gor'knv inll',l!;mll~(llllltitJn [HI for lIlt'
order parameter of sllpercotH!ucLivily, rollowillg Gor'kov\ work, Wt~ willllwll o!11aiu
lhe momcntum space representation of tlle kt~rnd ill I.hc GU1"kov l'tl11aliull nliilll!, a
Grecn's function me~horl [18], inclu(ling 1.lw dr(~d of a fllllllulIlly ,lis1.fil)lltl~d illlPll-
rity potential. III I.he long-wavc1t1ugl.li appmximation lIml Uw ,lir1.y limit, Wt' will
show that the spalial variation of the k(~TlId salisfies a t[jlfllsioll t'tlna~icJll, 1I1i pru-
posed by de GetllleS [26J, 1'llen we ".. it rollow de Gt~nllcs' work [1fi]lo ,liS"IlIi,~ till'
boundary and continuity condiLions imposcd 011 the kt~rnd at it rrt~(: sllrfat~c~ alltl at
the interface of a bilayer system. The introduction of ,l 11Iilgnt~lir: fidel antI lht~ eal-
culalioll of the upper critical field ill SIlJlt~ITollll11ding fillns amI nlllll.il'lyt~r is b;~~t:d
au the semi-classical phase integral appruxillialiull. It is shllwn how til" dc~ (:t~Hllt~
formalism mllY be IIpp1itld ill two parLic;lIli.r c;ascs, uamely tIll' t~valllaliun of Hill
upper critical field in the case of all iulinilc hOl!lugelicolls sU]ltlrr:oll<llldur allel tllll
case of a melallic multilayer wilsisling ur twu distilld lypes uf lIu~li.ls, ilt lea.'1t tJllI~
of which is assumed Lo he sllpen:ont111ding, It is sllowu lluw L11t~ illll~l!;ral t''1l1ILtion
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ill tli,: lilll~ilri:'.l:d (]llr'kov equatioll may be tfillisforll1cd illto a ,Iilferenlial equation
for llu~ JI;~ir ILlllplitude:, logdlll'l' with certain hOllnuary and continuity conditions,
']I:riVl:d from the dc: Gcnn~ houndary and continuity conditions for the kerneL The
r(~"lllt1LlIt furumlislIl is referred to itS the de Gcnncs-Wcr(hamcr formalism. \Vc shall'
llml wlJilc this is (:xa<:l ill the <:"sc of IL homogencous superconductor, it is, in gcn-
"ral, Olily "pllruxirw,ln in till, <:iL~1' ur Illultili(ycft':t] systems. This, together with the
1"",:1'111 d"vdul'llWlIls Hf the (1(, (;(:IlIH'H·\VcrtlimllCl' tllL'ory (30, :J6, >1;j, 52, 0:IJ ilfC
11I'idly (Jisnrs~w(1 ILL the "1111 of dmplcr 2.
In Gimpier :I, we will apply the DW theory to a supercondllcting mm to study
the illnllCIICt~ of the geometric inhomogeneity and anisotropy of the sample on the
t(~ml)crature dep{~lldellcc and the angular dependence of the upper critical field, re-
spt~divdy. The parallel applied field case will be studied in detail first [19J, to show
lh(~ ilHportanr.(~ uf tile Illlcl(~atioll site ill determining the spatial distribution of the
(,rt!l,r parailletcr olle obtains fmlll the linearized GL equation ['1J and the subsequent
tld(!rm;llatiou of the upper critical field. All approximale analytical expression for
th(~ upper r.r;tical fidtl of a thin film will be obtaiuel.! through a mean fiell.! approx-
imatiolL, alltl the phenomena of surface superconductivity will be discussed, within
the fmnwwork of the de Genlles-Werthamcr formalism. Moreover, the understand-
iug of t111~ il11lJOrlance of the llucleation site, based all detailed calculations in the
parallet fieltl (:;l~(', will provide an intuitive physical picture for later discussion of the
iLnglt'-dcpclltltmt upper critical ficld. We willthell present a (Ietailed analysis of the
ilngle-tlcpclIIlcntl1ppcr critical field hy various theories proposed ill previous sludies
[2U, 21 , 2<1,5-1,55,561. This analysis will focus on the validily or the approximations
Hntlthc matlwrnnticnlmelhods ernploYNI by previous authors, and will explore the
illfUllsisllllldcs lhat exist ill these eilrli(~r studies. A delailed Ilumerical calculation of
llw angular t1('pt~lldcn(eof the upper critical field in fouperconducting films, using an
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eigenfunction expansion trchniqllt·. will hI' pn·~t·ntt'tl. TIIl'~e' rI·~1I11.s ~htlw \'xplkit,ly
the non-analytical r1i1ture of tIll' upp('r critic"l fie·ld in tlr,· limit, (} ..... 0...lid ,d~l1
serve to verify the earlier rl'!;ultR of Thompson rqpl'lliup. lIrt· ~llll'" !7,!J1.1' ill Hw limil
0--+0. Our results predict a new di1l1cll~i()nnl t:I"(I.~~tl\'I·r, frlllll ~irrl;ll' ~lIrril\·(·l'lr.'(·ts.
dominated by the supcrcondn~tillg~11<'illh, and doubl\' ~urfl1rt· \'Irt'rt~. dmllillal,·tl by
the si;.:c of the sample for a thick film in tIl(' angular d"pelu!\'rwl'lIf lilt' llPll,'r rrit.iCi.1
field. A ~rni-infinitc bulk ~Ilpl'rcollll\ldill~~iI1l1pl,· i~ abu in,:llltl!'d 1IS a lilllitinp. nllW
of thi,~k mm.
In Cllapter 4, we focus 011 the pamlld llillwr c.ritit'Hllidtl uf a Il1dallk nllllLilayt~r
composed of alternating layers of tlHft'.·Pllt tYI1($ of Illdit1. III Jlilrl,i(~1I1,\r \\'l~ willl'lJlI-
sider a. class of superlatLice structnrt':S ill which tIlt: ml1lp(J.~itl' l1\d.i'.l.~ shan' tIlt' ~i1IlI<'
transition lemperature hut whidl havt~ a dilfeTt~ut dt~droll lHt~an fn'" palli. Wt! shuw
how the problem may he fornllllilted withiu th{~ tlL~ Gt'llllt·.~·Wl~l'llmltwr fllrrrlilli.~llr,
how the IIpper critical field ror an infinite superli\tli(;t~ rlHlY 1J(~ I:aklilatctl ilnd j,lw
erred of the modulation 011 tile rmdcatioll sit(~ exalllint~d. TIlt' 'l'ilkallilshi-'1',wlriki
e1rect is obtained and diSClls~ed in sorlW deLi,il. 'WI~ LII':l1 ~u (III tll nJll~idt~r n mOl't·
realistic model or a metallic sllperliltticl~, a ~l~1I1i-inrillih~ SIlIIt~l'Iilttit:.', tlra1. ;Ildllll.·~ it
free surface. Particular attelltiOll is giverl tu llrl~ ~llbLie int(~rjllay Iwlw'~~11 1,1 .. : ~lIrf;u:t~
erred and the errecl of the modulation 011 tlw lucatiull uf thl: lludl".titJl1 wl1tt~r. 111
particular we will show tllat the upper r.ritical fielll for sudr il ~ysl(~111 will Ilt'IH'l1d
on the sequence ill which the layers arc t1(~Ptls;tl~tl [:17, :18, :m, <l1J, <II]. Tlri~ r'''sul1.
has been confirmed experimentally by Maj allc! Aarts [<II] wlw l.rriv,~d ilt it ~irni];.r
conclusion independently, through tllt1il" l~xrlt~rill1elllal stlllli('S. (Jllr rr~~lllls al~lJ slrt'W
that the ratio f1c3 /1I02 can be ~igrrirlcalltly1:III1iUlI:ell irl a sUI,,~rli.llil:l~ ~t~tJllldry Ily
virtue of the modulation. Again L1ris rr:~llllIHlS bel~1I r.IJIIlirnll~,1 t'Xpl~tirH(llJtally l~ IJ.
Tn this work we also consider the elf(d or tire frel: siltfac(~ 011 tllt~ disf:(JIIlilluity
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ill tlw slopc 7#, pTl~diclcd by Takalia.<;hi and Tachiki. It is shown that both the ap-
!JI'IHlIIl/:l~of thl~ Ilisl;onlillllity ami Utl~ t~l1lp(lrature III which il occurs arc dependent
Ott the sequcnce in which the layers arc deposited. It is also shown how the l1eld
1/-, al whkh this dil;l;onliuuity occurs, satisfies a simple scaling law with respect to
lile tIlllt!nlatioll lcngth. Several data sets arc analyzed alld are shown to salisfy this
.~I:aliHg law, .\tlll it is shown tllaL Ute apl'ArCttt discrepancies betwccn dirrerent data
sds fIlay be 1tltrihllt.~(1 to tlte sequ~llcc in which the layers afl~ deposited.
Itt th.~ finall,,,rL of chapter 4, W~ cOllsi(ler, in some detail, a p<,uticularly elegant
S{~t of C)l!lCrilllcnts 011 a sequence of multilaycr which dirrer only in the composition
ltnd thicknc.<;s of the initial layer. It will be shown that, provided the cffects of spin
jl.\riUllagllcLisllI arc included, the results obtained from the cle. Gentles theory are in
excellent agrccmeltL with thc cX]lerimcntal data.
III chapter 5 we prescnt it numbel' of couc1usiotls thaL can be drawll from Lhc
r('SI'Mdl wmk prcscllt(l(1 in this thesis.
Chapter 2
The Microscopic Theory of Inhomogeneous Supt!I'conducLOl's
In this chapter, we will review the lIe (;ellll(~~-WI~rtllilmer Ilirty-lil1liL t1l1'wy ill 111'-
tail. We start by introducing the dfer.tive lies Hamiltoniall, ill S('I:LiulL :U, UIHI.
arises as a result of tht! electron-phonon interadion [571. III St'dioll 2.1, this IIGS
Hamiltonian is transformed frolll 1I101lWlltll111 span~ to t:ullnlillatl~S]JlII"C l,y a F'ourh~r
transformation. Introducing the Matsllhilril Grt"l:n's flllldillll atlll applyill~ llll~ 111I'IUI
field approximation, we obtain Lhe Gor'kuv Ililuations [581 for tIll' Gl'L"llll'S fUl1clilllls.
In Section 2,3, a linearization allproxillllltiuJl is appliud to lhl~ Gut'kuv c"l[ll<tLiUlI .ulIl
thus a solution of the Gor'kov equation, ill integml form, is (Jhlaillt~d. 'I'hn kl~tlld
of the integral equation is studied ill dc1.ail fur a dilute Iloped sllllc~n:(JndllC·tor ali(I
an explicit form of the kernel is ohtailll~{l. III ScdioH VI, w{~ show Ilow L111~ kerrrd
may be evaluated ill the 101lgowiwclcngth apprOXilllittiOlI illlll expn~ssl~cl ill lCl"lllS ur
a. differential equation. Thcll, following dc C:C:IIII1~S' wurk, wc~ t1is':llss huw the {{-
fed of surfaces and interfaces on the kNlId Illay he itllroduct'(] throllgh appropriate
boundary conditions. We thcn go on to discuss two imporlanl 'IPl'lic:atiollii of lilt!
de Gennes formalism. The first invo]vL"ltlm evalualion of tllI~ 111'1)(:r criti';i11 nel,l of 11
homogeneous type 11 superconductor, while the ~c{;ond is t111~ c'lkulaliun (If lit,] lran-
sition temperature and the upper critind field of a Illctallie lInlltilarndlilr sysll·m.
The nrst example servcs as a stri:liglJLforwiHd ilppliclltiml ur til" cll: (:c]nll{~~ fumUlI-
ism while lhe second Ilrovides the tllcoretica.1 rramcwork for IIlllch of till] slIhse'lIll1/lt
analysis, and includes the sllllercoJl(llicting 111m as a special Ci~<;t~.
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2.1 BeS Hamiltonian
2.1.1 Thc Electron-Phonon Interaction
III the SI;(;IJljII qllil.lI~izaLioll n'prc'SenLalioll, the mOllel Hamiltonian of lhe electron-
whl'I"(' /II) iN till! JJilllliltolliilli for frt~t~ phunon~ ;Ind fn~t! dedrons,
Jlo = Lltwllll~'lfJ + LCkCt"C1t",
'I k...
IIlltl II. is the illtl!mdioll Hamiltonian of lIlt! declrons and the phonolls,
(2.1)
(2.2)
II. = L (D'I/l'lct+II.~Ck,6' + D;I(l~ct_'I,"CJr..,,). (2.3)
k.<l."
The illdi(".t~s q and k dellole llle wave vedors of lhe pllonons and the e1edrons
rl'NIH~divdy, fk = t,;; - It is the ellcrgy of 1L single eledron in lhe stale k rclative
ltl lhe cht~mical potenlial II, hWfJ denoll..'S the energy of a phonon in the slate q and
(J is tlte spin iudex of iln electron. D'l is the eledron.phonon coupling constant
whill~ 0;. is its complex conjugale, which depends on the interaction potential, and
II~ (II,,) ;\llil ct... (Ck... ) arc the crCitlioll (annihilation) operators of the phollons and
I·l,·dnllls, whidl satisry the algchfil
(2.4)
anll
rl·Sllcdivdy.
Iw,· ronlli,kr ,,-jdlillln" lllodel for Llll' 111eLal,Lhereror,·, only lhe longitudinsl phollonisincludt'f.l
iul,h,- lIamiltonian II. We al"O 1l~,I;lcc~ II ron~lauL Ililrt or the energy, E'l ~'H""I'
Slilrtill~ frum I,ll" II'lmilt.t>llillll (1.1), F1'iihlidllr,ij ,I"l'ir",II,II,' ,'If,·,·tin' llilillil-
tUllilllt hy Ill<'lltl~ or tllO' "lIm,nic'111 tl'illl:<r"I'llIi1t.i"1l
I/.~. = ,._S//,.8 , (:..!.li)
lis = fI + [1l,H] + 11!1I,,""], ,.,.] +..
= II" + (1/ 1 + [11".:"])+ Wil, +1"".."'1)•."1 (:1.7)
+1[11 1.,<"1+ 1[11 1 + IlIl.S].S] +..
\\1,' ,'IU1 dil\lillilktlll' inl."l'lwliunlu 1"\1"':;1"'1"01,·1' i[\\·,·du>c,s,·S l"~111,i~r.\' 1.Iw'·'1lIal.i"11
fli +II/II,H]=II, (l.,~)
~o tllat lllt'rt~ is lin lil'~t unl..1· 1·II'dl"tJll-pl,tJIIUti illl.,·raJ'l,i'lIl all,1 w.. "I'Laill ti", r"II"willJ;
"xpl"l'!lsi,m [or fI.~,
11.~ = fllI+WI"."I+~[/I, +[11 10 .....1, .....1+ .
.<:::: lIu +11",,8].
S' = L (I1'IIl'I/:t+'I."r·k." + IJ'IIl~/·~_'I ... I"k,,,) , (:!. JII)
k.'l."
{
11'1 : f)~I(lk + /'w'l - 'k+")~: '
fJ'l - f)'J(lk-hw'l-tk_',) ,
('..1.11)
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To uhtaiu Uw df!:divl! Ililllliltouiitll which desr.rilJcs the scattering process of the
dt:l:trlllls tllrullgh l!xI:hil.lIge of Ollt~ pIIOIIOIl, we call take the expectation value of the
tt:rll1 /18 with n~pccL to Llle phollon vacuum stil.te 10), which is tlcfillcd as
11,.10)=0, (2.13)
11,0 =(0111..,.10)
= ~ L:LI(Ollld;,.,)(n"ISIO) - (018In,,)(n,,1/1dO)) (2.1')
2"'1 'I
= ~ ~{(Olll, 11,)(1,01810) - (01811,,)(I,IJldO)) .
wilen: Wt: have lIsed the r.omplelellcss of the phonon eigenstatcs
E Illtj){nql=l,
n'l,'1
IIlId tilt: prllflcrty of the operator S
(2.15)
(2.16)
Sllbstitlilillg (2.12) and (2.:J) iuLo (2.1<1) and completing the algebraic calculation,
we ohtain tIle clft:r.tive interaction ILuniltoniall
"'0 = ~ L: L: ID"I'(,k,k"'I~.'" k (2.17)
whirh tlt'snibcs the interaction UdWL'C1l two electrons through the one-phonon-
t:xchal1ge process. The other terms describing t11ulliphonoll processes can be omitted
tlUt: t(1 Migdal's theorem 159].
2.1.2 The Effective BCS Hamiltonian
TIlt' c1[edivtl dt:clron-pholloll illLcractioll11lay be written as
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where
IIk,q = \D,.11(lk _ fk::'I~'1 ("w'IF' ('.!,I!l)
....Vhcn hath of thc eledrolls scatWred 1Iy I'xl'hallgillF, 1l phllHllll art' ,.lIllil'ienll,\' dust,
to the Fermi surface, dderlllilwd lJy dll'mie.,1 pUl'l'lIlinl Jf, that til!' dilft'rl'IU'" ill LIl1'
energies satisfies thccOllditioll Ilk-tk+'li < hW'I::::: Itl.l.'n (w/) is th.. lld,.I'" fn"III"II".I'l,
thell the coupling constal1t 1Ik.'! < 0, wllirh yields illl iIUri\t'livt, illl.t'rllrtilln, 011 til<'
other hands, if the dilfcrclIl'c in thl~ cliergi,'S is lar~t'r thalllrw/), 1.11\' f\lllp'ill~ <'<IlISL1\1I1
Vk,q is positive, and ill thal case, IJ '0 is it. rCplll11ivt~ illl"fill'l.ion, till' stl't~lL.c.tli <If whil'11
decreases rapidly with increasing cnergy dilfl'l"l'lIce,
In the sllpercondudillg stalt~. olily tIll' dt~drul1S un'lIpyillp; stall',. with C'II"I',e.y in
the rauge of II ± liwD can be SCi,ul)r!,.1 1" 11t1W slatl's thrullgh LIIl~ pllOnun'I'sc!lilll,c,I'
process. Thus, ill tlw appliclItion uf (1,I!J) to sl1p,~r<'tJlld1Jdivily,Cuorll~r [Iilll llIitel,)
the appropriate assumption that for lhe dcdrorls in Sll~tl)S with (k < !lW/l t11l1
coupling induced by phonons is i~ r.ol1sLitul, Vk"l = - V witll V > 11, alld fur th"s" ill
the staLes (k > !lwD' the cOllpling vilni~hes, SIl thl: drl)l:liv(~ 1!alllilLuliiali Iw('ullll~,
in the BeS approximation,
where k and k' are tire momenta. of clecLrons in a shdl will! willtll 'lflw/) al 1111'
Fermi sphere,
The approximalion obtained here is valid only for Il uWl'ak nmplingn Slllwn:UIl-
ductor, since Lhc form of 11,9 implies twu iL.SIlIl1]JliOlIS:
(k and ItW'l' we have l1egk·ctcd lIre c1rp.d of rctanlalioll,
(ii) All the processes or ahsOrplitlll and clIlissiuli of I'II(JIIt1lls illvolvill}l, 1ho l:n)ll1iwl
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illld Illlnihilation of a pair of qlHl.<li.particies have been neglected so that the quasi-
parlick<; nrc treatl!{l 11.<; Imvillg inlinit(~ lifetime.
Tu consider both of the inllll(~llcl,,'S mentioned above, a theory of strong coupling
superconductivity should be huilt, however, we will only discuss the weak coupling
limit.
In iLJlIJlyinl; the theory to the iliholllogellcolis gcometry, it is necessary to trans-
furm 1I'D intu the e:tJordinatc rcpre:scntation hy mcans of the transformation,
{
,P.lx) ~ L'k,.,;k.' ,
.;.1 (x) = ~c~,.. c-;k'X ,
which lIIay be inverted to yield
J Ck = j e-ik,x~,,(x) (flx ,\,t: ~ jo;bJ!lx) J'x,
12.21 )
(2.22)
wllerc we have c110sen the volume to be unity. The operators 'i>,,(x) and 1>1 (x) can
he shown to satisfy the anti-collllllutation algebra
(J.lx) ,J!,lx')} ~ 61x - x')6••,. (2.23)
The effective interaction Hamiltonian in the BCS approximation may be written
ill It:rllls of the operators ~ <lntl ,,~f as
1I.D -+ V = -4vL:jJ,1(x) ,frh(x) 'i>p(x) ~,,(x)(fl:r.o. (2.24)
~ -Vji,llx) J!lx) JI(X) J,lx) d'x,
wlll're we have further simplified the efrective interaction Hamiltonian by considering
Llll~ IJnuB exclusion principle, whkh prohibits two electrons (rom Occujlying lhe same
lltah~, i.t-.,
Cll1l.ptcr 2. Tile Mic.rollcopk Theory o( 11l1/()ml.JgmJt'ilU.~,'l'U/lt'rf<lllr!uC!on; 2·1
In the Hamiltonian (2.2) for frec phollotls aUtI t'lecLmlis. we nlll omit Lh.· frc.'
phonon term, since ill supercondudivity. tilt' physic-al pl"UI','rt.it's Ilf ,I slll"'l"l'llllllucL-
ing staLe mainly depend on the behavior of till' dl't.~I,nllls.Mil C"tIllsidn tllt' phollolls
only in a role which induces a new atlradivc intl'raction JI,g. TI1t~ fn'c pm!. of till'
Hamiltonian, flo lTlay then be Writl.t~11 ;L~
(2.:W)
with
Combining Eq. (2.24) amI (2.2/)), we finally ubtilill tIll' BCS II;l1llill.lllli1\l1
('.")
which includes the phollon-induced atlradivI~ intcradiull i1l1l01l~ tll(~ ('lp,·Lrulis. Snell
a lIew mechanism ellablcs one to calculaLe Vilrious pnrall1dcrs in .~llllt1rwlI,llldivity
and explain experimental pheno1llena.
2.2 Gor'kov Equation
2.2.1 Mean Field Approximation
The theory obtained in the last sectiun t:all he e'L~ily g(~IlI'T1Lli:l.l:d to indlllll·)ItJI.l1 !.11l~
influence of an external magnetic field ilnd Lhe existcllc:e (If ntlll-llIitl;ndit: illll'llritil!S.
Following the method of A. L. I;cLtcr and .1. D. Wnll":ka [fill, 1V1~ ul,t1till
;(0 +V, (~.~ll)
Jd3x ~l(x) {~[-ifIV + ~A(x)r.l -/J +IJ(X}} ,jJ,,(xj, (~.'l!J)~m c
-.!.VLJ~!(XJ Tbj(x) ,pn(x) ,p,,(x) rflx, (2,:10)
2 o.
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wlJc...~ A(x) is the vector potential lLml U(x) is the impurity potential which is of
U(x) =L: u{x - x,,) ,
with x" IJt~ing t111~ positioll of nIh impurity.
(2.31)
GClLl~rillly, OIW ClUJ obtaill a nOll-linenr differential e(I!Jation describing Lhe spatial
,\Illi lt~lIll'or'lll~vollltioll of the opera'or nelds, "",,(x), hy means of the Hamiltonian
(:.!.:.!R). Ill/wever, this (.'(Iuation is too r.olllpliCilLc(llo hl~ solved complciely, so a mean
liPId approxinmtioll has to he takell. In this .lpproJdmation, one can decompose the
Ilrodlld of the four field opcr.~tors in the interaction term, II, into the following
v ~ V,g
~ - VJd'x{ (~) (x)~1(x))~I(x)i,,(X)+,,;)(xd') (x)(~,(x)~,(x)I)· (2.32)
The rc;wlIl for making such it d(~co1Jl)losilioll is thal all essential characteristic of
supercollductivity is the (ormation of Cooper pairs by lwo electrons wilh 0PIlD-
sitl~ spins, which resnlts ill lhe appearance of an order paramcler (~tfr) =f O. The
o1.I!!'r knm coming fromlhe Il"rtree-rock decomposition such as (tfrl,x)J>..(x)) and
("';,l(x)¢,p(x)) have h(.'ell omitted sillceonly the difference between llie superconduct-
ing slale illid 111e nOfllml slate is of inlf'rcst; thes... 'Iartrec-Fock terms are assumed
t,o hu tIll: same in both of sLates and Ilence have no influence on the differcnces
With til() mt'an fidd approximation, the crrective lIamilloninn now becomes
(2.33)
and tile pair lIllIplitude in the decomposition is defincd as
(2.34)
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with
Eq. (2.3<\) provides liS with a sdf'COllSi~I,"lIt l!l·linilioll of tIll' 1'lIir Hmpliludt'. whkll
depends 011 the dfcctivc l-Iamilwtli<lll. illdlltlill~ tlU' p;lir illlll'lit.Utl,· itsdf.
2.2.2 Gor'kov Equation
To calculate the pair lunplillJde, OIl!' m~'c1s I.., illlr",llln' til" I!.'·l\,·ra!i;-:,·d 1l,·is'>ld,t'rp,
field operators defined as
J'I,r(x,r)
~J..r(xlr)
J'I,j(x,r)
J),j(x,r)
r/"lI'lh J,)(x) ,._k'/I ,II• •
f/"/1 ,/1, I}~t(x) f,-f.·,jl ,/1, ,
,,[..',1/ ,/1, ,j'I(X) f.-I;·,jl ,/1, ,
,,1\"1/"1< J,l(x) ,.-f.."'jl 'I".
(2.:m)
(2.:17)
(2.:llq
where we may regard 1" IL~ <ill lIle illlagilllll'Y liJllI~. With this lll'liuiliulI, '!Ill' ,';UI
cstal>lish the C{llIaliotl.'l of Illotion for tlll~ fidll 0pl~ral(lfs from 1111' l,lfl,,·tiv(' llillnill,,·
niall, {('D, using the Heisenberg "qllillio!l
the field operators as rollows
h';;~h'l = -1Tr;;(-ih'ii' + ~A(xj)l-Il + lI(xJIJ!h'j - V{,j'r1'1),j'h-1 ' (lAlI)
li-#;J,L = [2k(iItV + ;A(X))~ -11 +U{xlIJ'h-1 - V{J,lJ,hJ'H' (lAI)
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Notl: th/lt llic pair amplitudes may be exprp,ssed ill terms of the Heisenberg field
"lleratIJrs, i,l',
I (,j,I,j,1i ~ (J'k,(,)J,!,('JI,
1(~I~J) = (J!/\l(r)l.bI\j(T)), (2.'12)
Sillrl' Wl' aw only illt(1fl'Stcd in fimling the pair alllplitude, which gives the order
l'arallld"r ill" SUpl1fl1tludllctor, rntllcr thau the ddll.iled representation of the quan-
til,l,d waVl' flllll:tions J, ILnd ~t Lhemselvcs, we introduce the Matsubara function,
whirll isp,ivl'n],y
(2.43)
Logether with thl. anomalous Matsubara function F(xr,x'r'), which is dosr.ly related
Lo t.he Imir amplitude and is given by
Tht' sclf-nlllsis1.enL ('XI'f{$SiOll for the order parameler is
~(X) = V.1'(XTD+ ,XT) = V(rbJ{x)J.1(x)) , (2.46)
'1'11(1 tilllC-Ortlcr operator '/~, which appears in the definition of the Matsubara fUlle-
Lions, with rcspt'ct to tIle imaginary time T, is defined as
wlll'f{' ,\ aud iJ are any fermion operators and OtT) is the step function
{"0(,) ~ 0, T > 0,T < 0, (,,4S)
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If we use Eq. (2.41) and take the dl,ri"ativ(' with rt."S!)('(;L to imaginary time T of
tile Mat.subara functions tlelillt'll hy Eqs. (:vt:l) ami (t ... li), \\"1' ubtain till' Gor'kuv
equations
=hJ(x-x') ,
('l.'1!I)
{-h.#: - ..!...(-ifiV'" + ~A(xlF + fJ - U(xl} T(XT,x'T') -6(x)G(xr.x'r')VT 2m c
..., 0,
(:l.St)
{ II$- - -!....[illV'" + ~A(x)P + (I -/lex)} Tf(XT.X'T') -t.t(X)G(XT, X'T')vT 2m c
=0.
(',r,l)
In the case that the Hamiltonian is i1lfIcl'''1lIIcllt of 1", tile MatSlIlmrn [unctions
only depend all the time dilferencc (T - r'). Till: Fuurier tralt.~forlllaLjflll, ill 1IIj.~
case, of the Mat,subara fundions with rcslKlCl to T yidllx
G(XT,x'T')
Tf(XT.X'r')
(Pflr l 2:C - (y-y·)(,'(x.x'.w.. ) ,
(Pfl)-ILc- (y-..')Tf{x, x',w.. ),
where 101" = (211 + 1)Ir{Ph allCl n = O,±J, ±2, .. 1\ud Wtl 11Ilvc !lsc,l L1ltl Iwrimlir.ity
of thc Matsuhara function ICit] given hy
G(r < 0) = -9(T +(J > I)).
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Tht! equations of motion for the Pourier components can be written as
( ihwn - ~1-i"'i7 +~A(xW +II - U(x)} 9(x,x'wn) +6(x).:Ft(x,x',w,,)2m c
==M(x-x') ,
(2.55)
( -ihw" - ~[ih'V +~A(XW +/1-U(X)}.rt(X,X',w,,) -6 t(x)Q(x,x',w,,):.!I/I C
=0.
(2.56)
The :wlf-consislcllcy cOllditiun [01' the order pllrameter given by Eq. (2.'16) becomcs
"(x) ~ V(,;,,(x),;,,(x))
=V:F(XTO+,XT)
= V(fihrILc-i...~O+.r(x,x',w .. ).
(2.57)
TIl(~ Gor'kov C<luations obtained above provide an effective basis for the self-
t:onsistellt calculation of the order parameter. The theory obtained incorporates
l1Iost of the early theories such <u; Ginzburg-Landau theory (GL) and BCS theory.
Gm'kov [81 sllc(':ccd(~d ill deriving the GL equation near the critical temperature,
'/~, frum tlw Gur'kov f1qllatiolls. Tim {!erivaUOIl determines the phenomenological
('unstanls appearing in the GL theory in terms of the microscopic constants and the
appropria1.e rallg~ for which the GL theory is applicable. Thus the GL theory has
a firm basis ill the microscopic theory, and hellce can be generalized to much more
If olle applies tllc Gor'kov equations to the spatially homogeneous bulk supercon-
dlldor ill thc ahS(~IH'(~of an extcrnalmagnetic field, one recovers the results obta.ined
f!'01I1 the BCS [9] t11l..'Ory (sec Appendix A).
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2.3 Linearized Gor'kov Equation
We have discussed the thcorclical d('scr;ptiOll or all illholllO};I'III'111lS slllwrc'ulIdm'tur
based on the Gor'kov equations whidl includes the (H. tllc'I)I'Y and IIC'S tlu-ol'y ilS
special cases. The Gor'kov tllC~ory in principle allows Olll' tll t'tlllsicll:r mort' gl'l1C:ral
situations, including thc casr. or im a]lplic'l! lllil!!.]It,lir tidd liS \\'1,11 liS butll lH1l~lIt'ti('
and nOll magnetic impllrities, for c'xmnple. 1101\'t:\'('I', iL is I'c'ry dillindL ttl suh'" 1,11C'
Gor'kov cllllaliolis directly, and further approximation IIw1.hotls haw tu 1)<' t'tlllsi,l-
cred corresponding to specific COllditiolls.
2.3.1 Linearization of Gap Equation
The differcntial c1luations, ~11S. (2A!J) and (2.1;0), c~an IIC' rt~wriLtl:1I ill LI~rlll.~ ur
integral equations;
O(x,x',w) = ON(X,X',w)
-JCfXI !flX20N(X, XI,W}A(XI)9N(Xl,Xl, -w).6.t(x~):Ft(x2,x',w),(:L'iM)
Ft(x,x',w) =JtfXl 9N(Xl,X, -w).6. fex d9N(XIlX',w)
-Jrflxllfx19N(Xl> x, _w).6.t (XdON(XI ,X~, -w).6.(x~):Ff (Xl, x',w)J2,!i!J)
where 9N(X,X',w) clenotc:s the lIomllll sLatc: Grl:cu's rlllldioll, whidl satislitis tllt~
c1luation
[iW - 1- (-iV +~A(X))l + /1 -U(X)]9N(X,X',w) =6(x - x'), (2.lilJ)2m c
In order to calculate the upper critical field ill a lYIW 11 sllllUrCulltllldor, it is suf-
ficient to cOllsider the lincarized Gor'kov !:{llIi,tiulI, siucc the 01'11.:1' IIi,rilll1l~L.:r gO!!S
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(:uuti/llwusly to zero at the transition. Subs~ituling the linear term in Eq. (2.59)
iuto the sdf-mnsisl(:nt gap (~qlJatiull, E.q. (2.57), we obtain
v ~-' L;J,Py Q_(x,y)"f(y),
V J,py Q(x,y) "f(y)
'l'llt~ k(irucl (J...(x, y) willi a single Malsuhara fret!llency w is defined as
(2.6l)
(2.62)
where tile bracket denotes the average over the randomly dis~ributed impurit.y COI1-
liguratiolls. We avcragll ov(~r all possible distributiolls of impurities, since we arc
iJltcrestL"t1 only in tile largc scale behavior of the electrons. The kernel Q(x,y) is
(ldill(~(1 /I,.~
Q(x,y) =~-' ~Q_(x,y). (2.63)
1L is important to note that the kernel is determiued only by the Green's functions
of the normal state electrons. Once tl)(~ kernel Q...(x,y) has bccn determined for a
givell applic<1 field thcn thc clcpeudellce of the transition temperature on the" field
lIlay be determine<l rrom the solution of 8g. (1.GI).
In ()rdl~r to obtain the kernel, Q...(x, x'), appearing in the linearized gap equation
Eq. (2.61), olle has to solve Eq. (2,60) for ~he Matsubara function describing an
e1ectrou ill the normal s~ate, and perform the average described in Eq. (2.62),. Il is
'Iuit(l dimr.lll~ to solve sucli au equation exactly, so some rurther approximations are
normally Ill/Ide,
In the next sedioll we show how the kernel, Q...(x,y), may be evaluated in the
r.;I,.~C of a "dirty ~lIperCOll([llctor", First, assuming t.hat t.he dependence of the Mat-
~ubara functioll Oil the illlpllri~y potent.ial U(x) and tile vect.or potential A(x) ma.y
he dealt with indepcudcnlly, we show how the normal slate single partide Green's
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function, (aN), 1l1ay be ca1cnlalt'll ill the ahSI~IH.·e of all IlI'P'il'(II~st.l·rllal lil·111. We
then 3how how tiw kernel, Q...(x, Yl, ddilU-d hy Ell_ (:U;2l, 1ll11.1" J,I~ \~nklllll\.'·II. in tl1l'
long-wavelength limit and obtail1 an t'splir:il \·xl'rl'ssioll. \VI' llll'lI F.n UII tu shuw I,,,w
the resultant kernel eRn be rcr.ast. into the for1l1 of a dilrt~rt'IILi;l1 I·lluntiull. FtllIO\vill~
the work of de GCllnes, we show how the drt'l~t of hOllll(IHri(~s fllill il\ll'rf~ll'I'S Ull tl1l\
kernel may be inclnded through the illl.rollu('.tioll of sllitllhl(~ hUl1l11lary rOll.liLitlIlS.
2.3.2 Explicit Form for the Kernel Q...(x,x')
We denole by ao the one-particle GrCl~n's function ill thl~ fd)sc'WI~ of tl11\ impurity
potential, which may be obtaim~d frolll Ull~ solution of the di!rl'l"l~lltial ('(Illation
( 'V' )iW+~+11 9,,{x;x',wl=~(x-x').
This may be readily solved to yidd
a,,(x - x',w) = (211")-:1/ ,fl1/:
P
'(X-X" ,
lW-{••
with
('·<;'1
('-'Hi)
To obtain the explicit spatial representation of tlw one-particle Grel~lIts fllndiou 9~,
one can integrale (2.65) over momentu1Il spllce (ApPcllIlix A) to u),t,lill
g,,(XjX',w) = - pd:~ x'i c-f;!IX-X'1 cipI'IX-x'I...... , (:.!.li7)
where N denotes the density of sLatl.'S 1I.t tlll~ Fcrmi surfllCC lUIl111F flnd Vf- = l'P/lit
denote the Fermi momentum and thc F(~rllli velocity, f(~pcdivdy. III 11,c fllJscllce or
impurities we may define the kernel Q~(Xt x') as
Q~(x - x') g,,(x - x',w)Q,,(x - x',-w)
= [~]~C-2tf.lx-X'I. (2.G8)
IJ,..lx-x'l
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Thl~ FOllril~r transform of Lim kernel Q~(x - x') is given by
Q~(q)
(2.69)
III lL Ilillltl~ Ilopetl superconduclor, the one-particle Green's function O(x;x',w)
.~illislics
lfjw +~ +11- U(X)] Q(XiX',W) =8(x-x'). (2.70)2m
'J'hl~ Green's fUlldion llmt we olltain from Ell. (2.70), and the resultant kernel, will
depend Oil llw explicit form of the impurity potential. We will deal wilh the elred
of the scaltt~rillg of the electrons liy illll)urilies through a perturbation expansion
which aSSUlllCS a low concentratioll of impurities and weak coull1ing between the
electrons and the impurities. Using the result that
we may write the :;olution for 9 in an integral form as
O(x,x',w) =O~(x - x',w) +JtPY9..(x - y,w)U(y)O(y,x',w) , (2.72)
where we have MSlIlllCd that the boundary com!itiolls on (} are such that surface
terms may be neglected. For simplicity, we assume that the impurity potential may
be approximated hy a 8 fUllctioli potential M a short range approximation, I.e.,
(2.73)
where u dcnotcs the coupling cOllstant between the electrons and the impurities and
x" dellotcs the position of the impurity. The iteration of Eq.(2.72) and the average
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over the impurities yields
{y(X, x', w)) Qp(x - x',w) +J,fl!l(Q,,(x - y,w)lJ(ylQ',,(y - x/,w))
+ JJlyff:;{Q,,(x - y,w)U(y)Q,,(y - z,w)lI(z)Q,,{z - x/,w))
+ (2.7'1)
While the above expallsioll is indeed all exact soluti(Jn and I~nl'h uf thl' lPrlI1S may ill
principle be calculated, it is impossible to SUIlI over all llll~ tl~rtl1S ill this l~xpallsi\>l1
ami obtain a solution in closed (arm. Ncvertheless, if WI: eXal11ille lhe iteration
expansion term by term, we can pick ont leading terms in each uT(ler and ohtain lUI
approximate solution in closed (orm.
Let us consider explicitly Ule 1st onlcr tcrm ill the ('XPIUlSioll
J,fy(9,(x - y,w)ll(y)9,(y - x',w))
J<l'y(9,(x - y,w) ~u,(y - x,)9,(Y - x',w))
~u(G,(x - x"wW,(x, - x',w))
~:uVJIf'x"y,,(x - x",w)QAx~ - x',w)
~ ~(2",)-aJ,f'/J9,,(p,w)Q,,(p,w)cijJ '(x-x')
71ill(21TraJ,f',){;,,(p,w)9,,(p,w)cip.(x-x'), (1.7:1)
where V denotes the volume of the salllpl", It; = V-IE" dellOLt'l; tll(~ ClHlI;t~lItratil)lI
of the impurities, and the average over the ilJ1pllritil:!l hlL.~ Iwell rl~pl;u:(·d by
(:.!.7fi)
The first order tcrm may be represcnted gmpl.ically by
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Figure 2.1: DingrammilLic repf(~uLILtion of lerm of order "ill.
where ® delloles the impuriLy and the line delloLes the Green's function of a hee
d(!d.rol1. The average over Lhe impurities for the second order Lerm in Eq. (2.74)
should he dealt with carefully since the doubled summation can be divided into two
disLinct parts, specifically
U(y)U(z) E lI~S(y - x.)o(z - x.l
.,.,(,,;t~)
+ L rl2S(y - x.)o(z - xa ). (2.77)
Snhslituling this into Lhe second order term ill Eq. (2.74) yields
JrflyrPz (Q'a{x - y,w)U(y)Q'.(y - z,w)U(Z)Q'a(Z - xt,w)}
:L 112(Qa(X - X.,W)G.(X. - x.,w)9Ax. - X',W))
.. ,.jto
L U2~J rflX.rfXb9.(x-x.,w)9.(x.-Xb,W)Q'.(Xb-XI,W)
.,bJl.
+~ 1I'l~Jcfx. 9.(x - X.,W)Q.(O,W)Q.(X. - X',W)
(II;U)2{21l')-3J(IJ
'
19.(p,w)9'.(p,W)9'.(p,W)CiP·(X-X')
+lIiU'lQ.(O,w)(211't3JrPp Q.(p,w)9.(p,w)c;P·(x-x') (2.78)
The sccorltl order term is represcnted graphically ill Fig. 2.2. From this diagrammatic
represcntation it is rcadily seen thaL the firsL order term (2.75) corresponds 1'0 Lhe
probability amplitude that a parLicle propagating from x Lo x' will be scattered once
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x 17.(p,...j 8 (l.(p....) ~_x'
!lil! lIi'1
+ X~"""l"'"lLLx.
11 Ii,,(l ....\
[i'igllrc 2.2; Diagra.mma.tic rt'IJrl~'lItiltinll of tl'rlllS o[ unlt'r (lIju)'1 m1tlllill~.
by asingle impurity. This term cOlltrihlltt~S tu IIrtl('r 1/ill 1tl til(' pmlJilFllltur. Similarly
the second order term ill Ell. (2.78), currCllpUll(!l; 10 the probahility alllplillldt~ 11lat
a particle propagating from x to x' will I... St:'ll.tCf!'{! 1wict~ by I.h,~ il11pllriti,~s. Tim
first term of Eq. (2.78) corresponds to the C'I.<;C of twu flistilld illlpllrit.i,'s, whi1p
the SL'COlld term or Eq. (2.78) corresponds to l1w C;I.<;I~ or Itlilitiplt, snL1t.I·rill1i or till'
particle by the same impurity. TIlI:S'~ terms coll1rilmll: with unlt,r (Itill)"l alill lIiU"J,
respectively. A diagrammatic rcprcM:lltalioll of thc t:uutl'ihutiull to tIlt, third unlt,r
term is shown in Fig. 2.3. (A fliagrallllllll1ic rel)reSClIL,llioll fIJI' tilt' [ullrth onlt:r tt'TtH
is given ill Fig. A.I and A,2 in Appcndix A).
The analysis of the diagrammaLic (:XI),tI\siull sugges1s 1Iiat all tlllJ terlllS Ill'ps"llk,1
in the iterative expansion or Eq. (l.7~) may !II: r.Ill..'1siliell inlo 1iflJlll'.'1 1:l!ar,u:tl:ri1.(,,1
by a combination or cOllccntmtilJll IIi lIlid weak cIJupling I:ullslallt u. Fur eK;~lllph,.
ill Fig. 2,3. one can sec that the diagmJllllmtit: nmtrihu1ioll ill (iI) will I:ulltrilmtl!
to order (niu)3 and is simply a triplf~ product of tile first order ll:rlll wllile (II), (I;)
and (e) consist of a "r{juuct or ~lie first order term illill 111(: secull,1 urder tt,rrll il."
analyzed IHeviously anu contrihute to (lrdt:r (uifl)(n,·ll'). A Hew term (dl, Wllidl
contributes to orller (n;u3), appears ill 1liis lilini urtlt,r l~xpllnsilJlI.
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(n)
Vigllre :l,:1: UillgrRlllmatic re]lrc.~elltatiol1 of terms of order (n;uj3, nl1l3 and 1l;U3 ,
II ~ill1ilar imalysis may b~ applied Lo all the higher order Lerms in the pertur-
hatioll series and the \'ariOllS Iliagral1lmatic contributions classified according to the
codficient ul'u9 • lIaving classified each of the contributions to the pcrturhation se-
ries in lerlllS of the concentration 11; and the coupling constant Il, we CI'1I1 identify
t.lle leading Gnler contribution ill each Lerm in the perturbation series. These are
shown diagrallllllatica.lIy ill Fig. 2.'1. We may imlllediately write down the solution
of the (;rccn's function expressed diagrammatically in Fig. 2.4 as
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= = -- + ---%- +~ + ---@-@-0- + .
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Pignre 2.4: Dillgl'1UlIllJ1ltic rt·Pl"l·~tlllt11t.illll ur luw(·~t lll'lh'l' ;lllllrt)xilll1~Li(ll1.
The Dyson equation [62, 6:l] corrl'spollllinR ttl Fig. 2A may hl~ wriLtc~1l ,,~
9;I(p,W) - 11,11
iW_ L +II_lI;lt
2m
iW-L+i/'2m (2.1:I1I)
This result suggests that the luwc~L Circler proc:c~ss unly b~ds tu a l"euonllali:;'i~titlll
of the Perini surface (chemical pol(~ntial), IWllcc\ we nm absorb the It~1L1lillRmller
contribution of order lljU into a rCllorltla1i:;'L'I1 cll(~1tlical potential 1/. Tllis Fermi
surface renormalizatiotl implies that all Lhe terms wiLh 1~ f;u:lHr (11;11)'" VIIt 'f (J
give rise to zero contribulioll :lllll thus greatly simplilies the :malYiiis of Ul(~ lIi,::lllI[
order terms. It may be rcadily seen, [01' instilJlcc, that Illily (.1) ill FiR. 2.a has 11
non-zero conlributiol1 and similarly (II), (h) and (g) ill Fig. A.'1. a1111 A.1.
In order to obtain the leadillg corn:diuJi we Heed tlwrdorl~ LII collsidt~r 1I1t~ wr-
rcctions characterized by the coemciellts (1liU1)"'. Neglediu/o; thc v(~rl.~x Cllrf(~dil)lJ
terms, for example (g) in Pig. A.1, thesl~ lerms llIay he n:pfl~NeIiLed diilgfllHlllmti-
cally as sh..:Jwn in Fig. 2.5. The 50111liOlI of t111~ Grl:(m's fUIICtioll, ohlnillf~d frclIIl this
diagrammatic representation, may be written as
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Figure 2.5: Slim of the lerll\s or order (71;111)'"
y(x - x',w) = YD(X - x/,w) +lli1l2y(O,w)(21l't3JtP,JVD(P,w)c ill·(Il-x'JO(p,w).
(2.81)
The Dyson (~(IUalion corresponding 10 Pig. 2.5 reads
Assuming 1ht~ MaLsubam Grccn's funcLion to have the following form
(2.82)
(2.83)
whcr(~{I' was defined earlier as {p = ~(p1-2mll)' r is determined self-consistcntly
f!'Olll the Dyson c<llwtioll, Eq. (2.82), I\S
r =w +~sgIlW,
wiLh 7'-1 = 211'IIiU2N, through thc iutcgral
(2.84)
Q(X - x' =O,w) = (211')-3JJJ pii' ~ (p = -i11'Nsgnr = -i11'Nsgnw. (2.85)
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The spatial representation of thl' Miltsuharil funcLiun in ml inlini1.t· dumain llIi,)' Ill'
written as
9{x - x',w) = - J'f'I:'~ x'i ('-!!flx-X'I "il,,·lx-x'I.,.I', (2.t\ti)
which is the same form ilN 9 .. witll w Iol'ing Tl'pll1l'l'd I>y I'. Till' k"r1ll'1 fllr 11 ,Ii-
lute doped superconductor Ill'filll'd II)' Eq. (2.fi2)l11ity hi' olll,ilill!'!1 liNin!!. "qn;lt.itlll,
E<], (2.72), and nvcl'agillg over ll1l1 illlilmiti,·s. W" II'tllll,II,lll'lI HilI! that
Q.(x- x'j
(9(x - x',-w)9(x - x',w))
g~(x - x',-w)9~(x - x',w)
+ 9~(x - x',-w) / IPy (9~(x - y,w)lJ(y)Q(y - x',w))
+ 9~(x-x"w)f J'y(9..(x-y,-w}U(y)9(y-x',-w))
+ J(p y (g~(x - y, -w)U(y)9(y - x',-w)) Jll::; (9,,(x - z,w)lI(z)O(z - x',w))
+ J(P1J(fJ::;{9~(x - y, -w)U(y)9(y - x', -w)9,,(x - z,w)U(z)9(z - x',w))
- J(Py (9,,(x - y, -w)U(y)9(y - x',-w)) J,(1::; (9,,{x - z,w)lJ(z)9{z - x',wl) ,
('.H7)
where the bracket denotes tile average ove.' 1l rlllHlolrl ilHllllrit.y potl'Htiill.
The first and the second terlllN ill Eq. (2,87) rtlay II(' wmhirJt:d liN
9..(x - x', -w) (Q(x - x',w)) ,
and the third and forth terms ill I~(I. ('l.H7) llIay I)(~ wriU'~1l liN
(2.HH)
J<l'y(90(x - y, -w)U(y)9(y - x', -w)) (9(x - x',w)) . ('."')
Theil, terms in Eq. (2.88) and Eq. (2.!lfJ) call he cXJlrt:Nsc:.1 ;L~
Q:(x - x');=: {(i'(x - x',w)) (y{x - x',w)) , (:l.!JO)
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Figllrt~ 2.6: Impurity averaging diagrams of vertex in the laddcr approximation.
whidl llt'scrihcs two dcclroll.~ propagating in 1IlC superconductor scaltcrcd indcpcn-
11'·lIl.1y fly il1l]Jllfitil:s. Further 1Il1alysis of the average over impurities for thc fifth
t,'rlll ill Eq. (2.87) is It'dious. Howcver, Wcrthamcr [181 points out that if one only
I'lJIIHillcr.~ the laddcr approximation as showl! graphically in Fig. 2.6, the fifth and
th.~ sixth l('rms ill I~q. (2.87) may be cxpresscd as
I/;1L2Jrflx" (9(x - xft,-w)) (Q(x - x",w)}Q...(x. - x',w), (2.91)
wlU'r!' lh(~ Ii fllnclioll potential has lJecll used.
The illlt'gral sulution for tlH' kernel is givcn by
Q_(x - x'i (9(x - x', -w)} (9(x - x',w)}
+ 1/;111 Jtfx" (9(x - x., -w)) (9(x- x",w)) Q...(x" - x'),
= Q:(x - X') + lIiU2 Jtflx"Q:{x - x")Q",(x,, - x'). (2.92)
Using Eq. (2.86), OIlC ohtains
Q:(x - x') =< {J!FI:~ XJ I]2 e-~lx-x'l,
while the FUllril'r tnlllsforlll of Q~(x - x') is given hy
" 211'N _1 (OF')Q",(q) = -;;;qlan 21r1'
(2.93)
(2.94)
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The Dyson equalion for the kemd in lIw lmldcr lqlpl'Oxilllntitl11 i~
and the kcrnd, ill momcntUl11 sparc, is gil't'll hy
The result givcn ill E'l. (2.96) for tlw kl'rnd may hl! ,c,l'lll'ri\\i:wcl fuJ' ill1lort' J'I'lllis1.i<'
approximation to the impurity potclltialthitll 1.11;ttllst~(1 ill ulJlaillillJ!, Eq. (2.mi). Tn
obtain thc cquivalcnt result for the mort' getl(~l'ill furm of llll' impnrily pull'lIlial,
U(X) =L: II.(X - xn ),
one nccds only to replace r- l = 21ffl;u1 N in 1':'1. (2.96) hy
(2.!J7)
where u denotes the scattering cross-sectioll ill the 1101'11 approxilllatiull.
The preceding derivation assumed thal tim imlJurity C;UIlC,,"1ratilJll WiL'i luw, ;ulfl
therefore, strictly speaking, the resull is only valid for tile (;ase or a cliIllt,~ ,1"1",,1
superconductor. However, Werthamer \18] ha.'l I'0illlcil Ollt that. lll(; rt~sllll givcll ill
Eq. (2.96) is entirely equivalent to tlHlt ohtaillcd hy de C(~IIlWS [:WI r"r th(! ';II.'i(~ of
a high impurity concentration, when ('xprcsSl~d ill terms of s/;aU.(!ri,lg tiHl(~ T Titl.lll'r
than the r..ouccntraliolls II;.
2,4 Boundary Conditions and the Proximit.y Effect.
In deriving the expression for 1Ile kernel, giveJl hy Eq. (2.!)fi). WI; Iwgl(~d(~rll(J l:Oll'
sider the role of the boundary conditiolls, a.~sllmillg only 1Iiat llw SlJrrlU:l: t(~rIllS did
kl'nll~l, (J..,(X,X').
Whil,~ in f!l'illl:il'tc~ it is I'"s.~ihlc~ to v.1~lJ(,1'ItIiz,' till' prc'cnliuK argllnwnts to ill-
1"111111· lhl~ IWlllillal'Y l:lJu,litiuus Illi tll(· ,~ill).!,l .. ,·I('I·Lrull (:n"~II's flln ...tioll, awl 111~l1n~
1,0 I·Yalna1." til<' k':l'lll'l, til<' AI~t1C'rll1izllLi(Jn tu ilihUllJogc~Il,~nls SYStl~l11S is must ("lsily
'l<"'IJlIlJlli,~IIl'd rul10willA till' furmlltaLiull v.iYI~n hy dc~ (:I'lIllC:S [:luI.
\-VI' IWAili lids :",dioll IJy showing Iluw til!' kC'rJld dl'ri\',~d in 1I1(~ prewding snl~tiullS
ltlily 1", n',·"sl. in lill~ furlll "I' a clim~n:lltiill C':lllli\tioll. \VI' will Llwil HI'P;ilC', liS dt! Gellm~
did, L1mt till' dilf"r"ntiall',!llatioll d"sniloing tlw kt'rllc~1 is valid (~YC~ll ill tllC' 1l1'l'SI~lIn'
of ,~lIrl'a("(',~ ILIIlI illl.l~rfil(,('s. \-Vl' will tlll~ll go Ull to sItuI\' tit at th" kernd is 1I11ldifiell
1'.v;1 rrc"(~ SllrraCT tilrtJlI~li th" Imllllliary cullililiuns, An 1l1lalOp;Olls rc'::nt!1. for;l planar
I,'inaily, 1Y1~ will shllw how L1w kl'.l"lIl~llJlay Ill' p;mlCralizl,(1 to indndf' the dl'"cl of
2.1.1 Long WlIveiellgth Approximation
If IV" n'stric'l \Jill' I:ull,~iclt'l"iltiuns til siLllaliullS for whit':h llll~ spill;al vari<~ti(}ll of the
piliI' illIIplitllllt' is small, tl(('11 1V1'[IC'I':l1 only eVillllall~ tile kt'mel in the lOllS wilvelellgth
ttl
Iwl +rpP[ur(1 +:1rlwl)J-l '
:::: Iwl + ;:l~[fiTl-l (:1rlwl <t: J),
2,N
21wl+ /JIlt'
wil,h n = ~h'F tlt'noting till' t1ilfusiUlI l'lJ1lslalit.
(2.98)
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The spatial represcntation of the kCrlwl ill this long w,l\'l'knglh limit may hI'
givcn by
It is readily showll that (J...(x - x') is liiltlply til(" (:l'I"t'u's rllJll'l,iulJ (til' 1.111' lhrl"t'
dimcnsional diffusion c(!lIation
(2Iwl- f)\l'l)Q...(X - x') = ~lI' IV o(x - x'). (:.!.ltHl)
subject to the boundary condititJlIs
lx-~!l~"" ll...(x, x') = II. (:LlIll)
Bascd on a more heuristic argullIent, III' CI'IIlWS h,l.~ shllwn th'L1. C/...(x, x') liatislil$
Eq. (2.100), He also argued that till' drf,d or sllrf,let's ,tlul ill1.f'rfat'l's 011 till' kf'ru,·1
may be incorporated by a suitablc tllodificllLioll of tlte, hOllnd"ry l:llltdil.iull ,;iWll hy
E([. (2.101).
2.4.2 de Gennes Boundary Conditions for a Free SlIrfncc
III order to derive the (Ie Gellt1l':!l hOlllltl'lry l,outiitifJIlS ror a rrt'l' surran:, WI' I'tm,~id':1
the case of a planar boulidary at ;t = 0, with the lillpe,rculltltlt".lor ",:t:lIl'yilll; tilt,
region x > O. In the absellcc of an appli('(l l,xt"rual lid/I, UIf' uTllf:r paraUIl,ttir is
independent of y alld z and thlls may be wrilLcll IL"
(l,Jlll)
The linearized Gor'kov gap e(llilLtiotl, Eq. (:l.G)), thf'll wflllf:f:,~ til
The one dimensional kerncl, Q...(x, x'), satisfies tlt/! OIlC JillwlIsifJual tlilf1J~i"n Cfl\H~-
tion
[2IWI-Dd~~1 Q",(x,x')=21rN6(x-x'). (2.llJ:l)
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Tlw explir.it form of llUl kernel obtained by the integration of the result given by
Ell. (2.!JtI) may he readily c:valunte«a.<>
Q~(x - x')
(2.104)
where {... =~. However, while this provides a particular solution to Eq. (2.103),
it is possihle to cOllstrud other solutions expressed as the sum of a singular part
Q':'(x,x'), and a lion-singular part, "R..,(x,x'), Le.,
Q...(x,x') = Q':'(x,x') + 'R".(x, x') , (2.105)
where the kernel, Q':', is given by Eq. (2.104) and n.... is required to satisfy the
hOl1logellcous dilfusion equation givell by
[ ,I']21wl - D rb:1"2 'R",(x, x') = 0,
together with the reciprocity condition, namely, "R..,(z, x') = n...(x', x).
(2.106)
III order
to lluiqllely determine the solution 'R... (x, x'}, it is necessary to impose a. bounda.ry
condition that renects the presence of the free surface. To obtain the appropriate
boundary colltlitioll, we integrate Eq. (2.103) with respect to x' over the «omain
[0,00] to obtain the following cxpressioll
21w! 10"'" dx' Q ...(x, x') - D-/;, Q...(x, x')I;' =211" N . (2.107)
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This condition together with the sum rule [261
Iwll"'" dx'Q...(.r,.l") = IfN,
am/the requirement that
J~l,)., ~ Q...(.r,.r') =0,
yields the boundary cOll{!ition
The hOlllogeneous contribution to the kernel is U1CIl given by
(2.\II~l
(2.11l!l)
(2.110)
'R.w(x,x') = 21:~... e-I.<+"'I/('" x>O,;r:'>O, (2.111)
which yields the following expm'lSion for Q...{x, x')
Q...(x, x') = 2~", (e-I,,-r'I/("'+l'c-I,,+r'I/(~) x>O,x'>U. (2.112)
At. the frcc surface denoted by x = 0, Wll Illwe
which determines ,. = l. The homogenoous coutriulltion to th{~ kernel Jll1~y be
readily calculated for the more complicated case: of two rH..'C surraccs. Suhstitlltillg
this kernel into the self-consistcnt ga:, (.'<!lIatioll (2.GI), it is easy to slulW thilt Llle
boundary condition satisfied by ~(x) is
.;/;6.(x) = ~~F(x) = 0, at the free surfacc z = 0, (2.11'1)
2.4.3 de Gennes Continuity Condition for a Planar Interface
A similar boundary coudition may be ohtained for the kernel Q...(x,x') ilt R IlliLlIllr
interface between two distinct metals [2CiI. Let us consider a bitaycrstrucl1Jrl~ lilf,cl(~d
by A and B separated by the plane x' = 0 as ~IJOwn in fig. 2.7.
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A
x' < [) :r!> 0
Figure '2.7: Bilayer Geometry.
Ulling the diffll~ion c([ullliOll 1~ derived in tllc previoll~ section by the Green's
flilidioll rndhod, we C<l.1I write (!OWII the diffusion cquations for the kernels ill regions
A 111111 B. They arc
aud
[2IWI- DIj d~rz] Q",(x,x') = 27rNSD(X - x'), (2.116)
respcctively. Integrating the two e(llIations with respect to x' over the half space,
wl'ohtaill
'2lwll: dx'Q~(x,x')- [DA~Q",(X'X')[::
- [DIr!/:;Q",(X'X/)[::~ = 2..-[O(x)N;I +O(-x)NB]. (2.117)
Using this result, logether with lhe SIUIl rule [2liJ,
x E A
xE B
(2.118)
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amI the requirement that the conlrihulioll al Ixl --+ 00 \'~ui~hl'~, \\'l~ Ilhtnin Ult'
following boundary condition:
D,,~(Jw(:r,U) = Ihi-/;;(J,,,(~',[l). (:!.Il!l)
In order to find lhe seCOUII continuity ctllldilioll, WI' wrik tlll' kl'rnds ill I'('Rilll1s
A and B as follows
Q (x, ;.r:') 2i;{~ [e-I.r:-rl!tA + "",,-(r+r')/(A] .r. > 11,.r.' > II, (:!.I:!U)
Q (2:,x') 21;:8 [c-tr-r'I!(/l +"HC(r+'»!(II] x < lI,x' < II, (2.121)
Q (x, x') 17,\ 21;;" e-r!(A+r'!(/l x > 0, x' < (), (:1.122)
Q (x,;.r:') UH 2i;;H C-r'!(A+.r:/tU ./: < U, x' > n, (2,12:1)
Using the contilluiLy conditioll Eq. (2.1 I!)) and l.Iw rec:iprOl:ily nJ11Ililiun, w,~ uhtaill
(I-I'IJ)NH
(T"N"
T
which may he expressed as
(,.",)
(1- r~.)
"M
('~
, NH{H + N"{,, ,
c~
N/l{H + N"{,, ,
c~
NIJf.IJ + N...(~. '
N I1 f.H
C NHf.H + N ... f.A ' ('.Il')
wilh c to he delermined. At x = 0, Lhe kCirnci (2,12(1) and (2.12:1) an~ wrill'~11 as
Q...(O+, x')
Q.(O- ,x')
2i~:A [C-r'!(A + r"c->:'!(A] x --+ 11+,:1:' > II, (2,121;)
17821;;HC-Z:'!(A x ..... O-, x'>O, (2.127)
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Thl! rlll.iour the two kerllcls is given by
II, = 0",,(0+,:£' >0) = ~ [~+ 1- CNfl{n] .
Q",,(O-,:£'>U) Nfl C C NII {,., (1.128)
Silllili.r1y, tll() ratio hclween kernels (2.112) and (2.121) at x = 0 is expressed as
1l~=Q",(O'r,;r,'<O)=~[~+~NII{1I1-1. (2.129)
Q",(O-,x'<O) Ns c c N/J{s
(J",,(O+,x' < 0)
flIQ",,(O-,x' > 0),
/l-zQ",,(O-,x' <0).
(2.130)
(2.131)
lit! GelltlCS stlltL't1 that a gClIeral boundary cOllllition of the kernel is of the form
Q"(o+'X')~aQ"W,"')[I+I!.-Q(1_ .)-,"Q"W,x')j. (2.132)
Ct' "" 0 ,x (:£
J1uw~vcr, the secant! term ill the btilcket is proportional to l/{"" and thus it is
Ilq~ligibh: in tll<: llirty limit. This lends to
Q",(O+,x')=cvQ...(O-,x') '<Ix'. (2.133)
lly applying (10 GC1111es' 'lrgumcnt, we have R1 = R1 , which leads to c = 2. de
Gcrlllc.~' secoud hOlllldary condition of the ketl1el may be eXlltessed as
(2.134)
(2.135)
Fullowing .1., GI'111\('5' work [16J, Wl~ have obtained lite boundary couditions for the
spatilll vilri;~lioll of the kernel for a bilayer system. While the boundary conditions
givI'lI hy EllS. (2.111), (2.119) and (2.134) were derived for the particular case of a
single plllllllt surfacc and a single planar interface reSllectivcly, they may be cast in
a more gcncral three dimcnsional form as
{
n· VQ",,(x,x') = 0, for x at free surface,
f),1 II' V (J",,(x+,x') = DEJIl' V Q..,(x-, x') , for x at interface,
'FJ;Q",,(x+,x') = rJ;;Q",,(x- ,x'), for x at interfacc,
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where n denotf$ the unit vrctor lIorlllalto t.hl' ."urfan' or illtl~rfll('t:.
These results allow 1l." to l'xh'ut! the lh~ (;"11111'-" f'Jrlllidislll tu IIUII·plauilr Vo"UllI"-
tries. The formalism cnll idso Ill' l'xt(,IltI"t1 ltl indlUh' Illuitilll,' surf;l""s ;Illt! illl"lfa,','."
by reCJuiring that the k,'rllt~1 sati."f.\' til" nppmprint.l' hUlIlulnl'.I' t'l!l1diliull at l'lll'h uf
the bounding surfaces anti in1<'rf,,,'('s ill tll,- sysl"Ill. Tllis ;lllllW,~ II." loll nppl,\' tile' de'
GClIlICS fonnaliSlll to restrictc!l F,t'tJllldl'il's SIlt']1 m; SIIIlt1ITlll1t11U't.ill/: lill11s, slllll'rial.
t;ce and multilamcllar structure'S, the princ:ipid fll'~IlS of t.11t' pn'St'nt work.
Effect of Magnetic Field
is most eMily accomplished if \\,,~ IllU,lify tlu: Otlt'-IWI'l.idl' (:l'I~~II',~ flllldilln, ,I,'rivl'o\
for the homogelwous case ill Eq. (:l.BU), t.1J illdlltlt: til" df.d "f tilt: Vt:l"lur IIlJ1t:1l1ial
through the semiclassical pllilsc itl1cgral illJpruxil1laLioll tllat
C-,;f:,A(x)"II Q(X _ x',w) ,
C-,~A(xHx-x') 9(x - x/,w) , (:l.I:W)
the rcsultant kerncl1l1ay then bc eXIJWSsl:d as
Q;(x,x') C~A(x),(x-X')Q",(x - x'),
(/~A(xHx-x')q",(x _ x'). (:l.I:I7)
with ~o = ~. The diffllsion equatio1l fur tim k"rlld givl'1I by E'l. (:l,IlI:I) is 11l"n
modified 10 give a gCllcralizc<! g.,uge invariant form
where the operator n is defined as
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and L is gi VClI hy
. [2. ]'D(n)=-IiD V-i~A . (2.140)
(2.142)
By analugy witli the zero Add ca~e, the clfect of surfaces and interfaces may be
illl:orporat{,r1 by Illeaml of appropriate houndary conditions, similar to those given
ill Eqs. (2.135). However, ill order to preserve the invariance of the theory under
a gauj!;e trnllsformatioll, the boundary conditions lllllst be modiAed to include the
dfed (If the vector potcntial. The hOlludary r:onditiolls arc therefore given by
{
,,·nQw(x,y):O, (0''"'''"'"",("'",
OJ, n' n Q",(x+ ,y) =DB n· fIQ..,(x-,y), for x at interface, (2.141)
,};Q",(x+,y) = N;Q..,(X-,y) , for x at interface.
The houndary conditions imposed on the pair amplitude:F may be readily obtained
hy nsing Gor'kov equatioll, I!:q. (2.57), together with Eq. (2.141),
{
n· n :F(x) = 0, for x at free surface,
IJA n· n:F(x+) = DHn' n.1'(x-), for x at interface,
;};:F(x+) = N';:F(x-), for x at interface.
2.5 Application of the de Gennes Formalism
In the prt'n',lillg sccLiolis we haw shown IlnlV the solution of 1I1e linearized Gor'kov
('(Illation may be expressed in terms of the kertle!, Q..,(x,x'). Following the ~rgu­
l1\ellts or Werthamer [18], we have shown how the kernclmay be expressed in terms
or a dilfu~ioll Nluatioll as proposed by de Genne~ [26], when the spatial variation of
tll(~ ortlcr paramctcr is small. We then went all to show how the effecls or surfaces
alltl inLerfact'ij might be illclutletl ill the h'rncl through the application of appropri-
ate hOllm!llfy conditions. Thr. Tt'slIltallt forl1\l1lisllI was readily cxtended to include
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the effcct of a finite magnetic field by the gallgl~ in\'ilriallt rt'lllflcl'meIiL
iV -+ iII = i{V - i~A) .
."
In this sedion, \\IC apply the lie (;ellllt'S formOl!i~~n til LWlI I'xplidt I~Xil1l\Pl.'S.
In the first we consider 1\ h01Jlogt'IlI'UllS 1Il1lgudi(' 1i1,1,1 ill illl inlillitl' s;l1l1l1l,·, This
relatively simple application il1l1s1.rflll'll the simpll's!. nlllL·!.rivial llpplit'atioll !If 111l'
lie Gennes theory and allows us to 1'1'('over SOllW rl'slll!.s fUI" til!' IIppl'l" !Titi(',,1 lidd
tha.t will be useful in our sllbSCqlll~1I1 discussion, 'I'll(! sl':nllld I,,,alllph' W(~ wish til
consider is the less trivial case or it liyslcm consisting or M "ltl'l"n;l!.in)..!; I;ly,'rs uf
metals A and B, at lcast olle uf which is sllf!('rrn1Ldlldillg. WI' a....~urlll~ tllat tIll'
thickncss of the layers does flot vary along the 11~Il~th or ,~llllllll(~ and \\I(! dc-not!'
the thickness of the A.tYlle layers by (LA and 1111~ thieklll'ss of th.! fj.tyl'(~ ll~Y('l'S I,y
rIs. This geomelry includes the SLlpcl"coudlidillg fillll (A = IJ) ;11111 lhl~ SIlPI~r1i.1.lin'
(M -+ (0) as specific ca.~cs.
2.5.1 Homogeneous Superconductor
For a homogeneous supcrconductor, til" liIWMi~(ld (;"r'kov ('lllIatioll fur tin' pair
amplitude is givcn by
F(x) ~ k,T~! ,fy QAx,y) V F(y) , ('. ",)
where lhe kernel satisfies the boundary coll(litioll spL'eified by Eq, (2.101), Ld liS
consider the following eigenvalue equation
subject to the boundary conditioll
(2,11fij
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TIle orthogonality and closure propertic.~ of the eigenfunctions aTe
Jtlx3q,j'(x)*ifJ'j(x) "" bjj' ,
L: 'i(X),,(y) = Ne(x - y).
,
'I'11l~ kernel, Q..,(x,y), call now be written as
(2.147)
(2.148)
Q ( )-2" 'i(xH,(y) (2.149)
",x,y - 71' 7 2lwl+tj 1
and tlll~ .~ulllnllltion of the kernel over the Mat.!lubara frequency can he cxpressctl as
where S({j) is (Jclined as
(2.151)
It is readily sccn that S{tj) would (livcrge if the summation over the Malsubara
rrt~quelldc:swenllo iufillity. However, this divergence docs not occur because of the
Ilr'~'SI~nt:c nf the Bes cutofr, Iwl < w~, that yidlls the result
5( )=' k1'''--'--=1 (I.I".WD)o 271' EJ ~ 21wl II ksT .
We thctl write the frequency Bum in the form proposed by de Gellllcs [26J
(2.1-'2)
SdO((j) [S(tj) - 8(0)1 + 5(0)
"" 1t1(I.I:;~~D) -X(271'~8T)' (2.153)
(2.154)
(2.155)
and 1'(;;:) is tIm digalllllla function. However, Ladder and Koperdraad [52) have
arglll'd that this cutoff lllay produce unphysical results if tj ~ !iwD. Instead they
Ilroposl·t! the following: for S(fj)
S~K({j) "" '" (2:~:T + 1]1r~8T + I) - '" (471'i8T +D'
Chapter 2, The Microscopic '1'1,oor.\· o( lllIJOlUClb'"CIII'OIlIl Sllllcmmdul·tul'll &\
together with a modified BeS ~ra1l5i~;oll h"lIllll.-ralnnl (ormula Ir,21
I (hwu ) (')
-=" --+1 -1/' - .NV 2d1l7~ 1 (2. If)(j)
S·O(tj) alltl SLIl(Cj) arc con5ill~el1~ (or f 4:: WIJ,
U~ing ~lie complete Sflt of UII1 dP;C~lIflll1C.tiollll, (4Jj(x)}, WI' writl' LIll' Ill'fl,'r I,anllll-
eler, ~hc lcr~ side of Eq, (2.1'1'1), illl
F(x)
while ~hc right side o( Eq. (2.144) is exprc:",o;c(1 illl
kBTY; Jd'yQ.lx,y) VF(y) = J,fy ~ OJ(x).;ly)SI'jlV Fly), I'. If"')
Jd'y ~ .;Ix).;(y) [~V - 8(,;)] V F(y) = 0, ('.If,')
which (or a homogenoous supcrcolluucl.or n.'tIUCClI to
(1.lriU)
with .r(y) ex t/lj{Y) since N And V are COlistilllL:., Ulling til., ,:cmvt:lIliUlIa) cllturr
introduced by de Genucs, Eq. (2.1$1), we ohLaill the (amilia.r WcrUmlllcr rcJillillll
128)
where llw 13CS relation
was used.
--'-- _I (I.l:MI~wn)
NV - II 'f. ' (2.Jfi2)
Tlu' )11'0111"111 of fill<liu$; llw hight's!. tf1lllsition tt~l1ll)l'ratllre for It homogclleous
SU)H'r""lIdlldur ill till' 1'f!~I~II,·t' of itlJIJli,'d li!'l,1 is rcdllc(~1 to Iiudiug the lllillimul11
,'iv.'·!1\';,l,w IJ I,y s"lvillJ'; 1.111' ";1-',"11\'111111' t'qU1Itioll, Eq. (2.14.'}). subject til the houlld-
.,ry ",,,,,liti'lIl, I·:q. (2.141;). Wt· <'110051' llu~ L01I,loll gilllg(~
A = II(O,x,O).
;111,1 writ,· 1.11I~ Rusatz ror lilt' piliI' ,unplitud,·
(2.163)
(2.Hi·1)
TIi,~ ,'i,l!,I'II\'Rll1" prohll'llL, Eq. (~.1'1.'») and Eq. (~.146), H'duCl>S to a qURlltum m~-
dlilni""ll,afltl"llil' uscillalot' Ilrolll,:nl
(2.16.'i)
wilh
(2·'""1
,lilt! /' = II \I'M; l."k"ll sill"" w,' an, int"nosh',1 ill lilt' 10\\'('51. (·igt'llvalul'. Tile lowest
"iJ';I'UI'"IIl'" is l"O'iulily rOHud ttl 111'
21l'/-1(=IID~,
Hud I,ll<' hip,l1t'st trallsition h'llIperat1ll'c is dctermine<1 from the expression
[
hI) 2rrll] ('1')
\" 21r/..'H1'~ +In T; =0,
(2.167)
(2.168)
whidl ,l,'snilU's 1.111' ,'o-t'xisl"lln~ curve at the upper critical fir.ld, H = Hc2 , it!> a
fllu..1.i"l1 or 1"llIp,'r,ltlln\ T. A set'ond order ]Jllflsc transition occurs whcn this curve
is,·wsS<.',l.
O[ ]Jill·tit-lIlar illlt're:;t <ITt' tlw two limits, T -t 1~ and T -t O. We havc ill those
11"2 II 0 27rH(1~1 Tr -1'
-:j 2'1rk,/I'-.-"- ~ -T-' T_1~, (2.1GO)
and
'['-Ill, (:!.1711)
wherc lhc Taylor expall~iol1 (lud till' Il~ympt<ltic r'XpallSillU vf t,llI' di~a111l1li' flllWLiull,
I/J(:;), wew l1~l'd, 1111.1 -r =O,;,;;:! is 1IU' ElIl.'r l'ulIst,mL It is impurtant tu nul,' llwl
E(l. (:!,IG9) providr's 11 Ill('all~ (If 1!<'krltlil1ing llw Ilill"llsiul1 \'(lusl.<lnt. /), from tilt'
slope of lll(~ liIJPI'1" nit.irlll rh·ld at. lll<' Lrilllsiti"n 1."llIlll'I';,l.un·, '1:.:
"D ,11 ,1II j-'
",~t'H =;:i dT 'I~ (:!.171)
The upper criticall1elll al zero 1..~mperIlLII1"\~ is whlte'd to lllC' lrallsili,," lr'llIll..ratlln'
al zero lield through Eq, (~.170), alill is l;,iv(,l1 by
"I) I _~";;2 ,"I'llfI "'7'" IrillIo =:-c -;- r -", =O.h.Jl "-"" ,2 1 ,'J 'I~ / 'I~ (Lin)
[t is secn thal, within t.he framcwork or (Ie G(1I1l11~' t1ll'ury, llw IIpp"r nilical lie-lei
at zero lemperature for IL hUlllog()IINJIlS 511pr~rnHlcllld(Jr is proporliulIlll 1.0 Lh.~ 1.1'<111-
sitioll lernperature ilt zero lielll, '/~, wilh II lIou-lriviill prupurt.iullilli1.y .:""S1.lIlIt,
o.G9271~ITr' a lllCaSlll'll uf till' ",lirtilll'ss" of tlH' slllwr.'uwludillA Irml.l,rilll.
2.5.2 Multilayered Systems
III odeI' to apply lhe de GCIllWS theory to a l1Iultil;lYI~r SYSLI~Hl, Wl~ IWAin witll tllC'
lincarized Gor'kov equation ill a nmllilaY('r syslt:llI, givI'1i t.y
\Ve assullle tlrattlre (Jt· GeUllt:s' ,lilrusiulr t:qrllrlioll, E'l. (:uaX), ;1I111 tJl'~ wliliurrity
colldition, E(I. (~,111) dr:rivcd for a lJilltYI:r systl:ru, call In: ~1:,wrali7.l~d to;, lrlulti-
interrace system. WiLllulltluss ur ~1:III:rality, IV(: nmsirll:r IL lWIII;urnpulrt:lrlIJlIlILil"YI:1
syslem, with the cOmpOllel1ts denoted IJY A alltl H, r<:spedivdy Ilwl illtrodllC:l~ t.l1I~
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II"t;.liOiI
Vlx) ~ { V" xE A,
VB, xE il,
Nix) ~ { N" x E A I
NB, xE H,
{ D" x E A,D(x) =
DB, X E H,
r x E A,7'(x) = ,I,T's, x E B.
(2.174)
(2.175)
12.176)
12.177)
Wl~ rt~writ('lIll~ gauge invariant diffusion tl(lualiull for the kernel, Eq. (2.138), as
[2[w[ + ilnIlQw(x,y) ~ hNlx)5Ix- y), (2.178)
. . {-"D,n',1..(0) = _hO(x)n 2 =
-1ID8n1 ,
xE A,
XE B.
(2.179)
By analugy with lhcdglmrllllc.tiolllllctholl used for the homoger'colls ~upcrcondllctor
[(j- L(II)lrP;(x) =0,
tlJ~I't1u'rwith the hOllllllilry Wilditioll at the rree sllrril~cs
ant! r<lntiullily ':OIl1litioIlS at t.IlP inkrrac('s delloled by XQ,
(2.180)
(2.181)
-'- ¢i(x)1N'I XE',I-Xo
IJ,r n· n.p,i(x)lxE',I_xo
-'-¢ilx)1 'Nil XEIl-xo
nil n . 0 oPj(X)IXE'B_Xo
(2.182)
(2.18:~ )
C/lllplcr 2. Tile Microscopic. Tlwor.l' or JIlIt()III()g('ItI~ml1 SIl/)(·/'I·o//(/ud.ol'S M,
TllC,' orthogonality an<l closlln' propl'rtks or 1I1l' ('i~l'lIfll1\diolls art' ~il'\'1l by
f ll;rtPi'(x) N;x)I/>;(X) = J)j"
L: ~)j(x)¢j(y) = N(x)J(x - y). (~.l~r;l
Followill,l; till' ,dgl'im,k 11l;lIIiplll,\I,iull sllllwlI IIn'villllsl)', WI' nlll Initc' I.ln· lim'"ri'{.l·d
Gor'kov ('(Inatioll OIS
C<llIaliol1. In 111C following 1\(~dioll, wc' diSl'llS.~ l.Wll al'pr(Jadll'.~. TIll' tirsl., 1.111' so-
called WcrLlimnr.r approximation. is valid for systl'lIlS invulvillp, lar,l.\I· kllp,tl1 s"i1lc·s.
wider range of length scales,
2.5.3 Werthamer Approximation
The well·knowll Wertllilllll'r i1pproXilllaliull I:au IJI~ eXl'lit:il.ly .~llt!wlI by IIsinp, 1':1[. (:.J.. IHli).
If one assumes that the dc)slln~ prtJperl.y lIf tlw "igellflllldiuIIS, I';q. (l.IH~,), i.~ sLiIl
villid ill the illLcgrand of Eo'!. (:.!.18Ii). 0111' nUl illtrmluIT LIlI' lies rdatil/II
_I_~I"(~),
N(x)V(x) l.l:l-tltw/J
j ,I'" [I" (,::~)) +x C~~~n] b(x -y)N(y)l'(y)F(y) ~ II. ('.1"')
o~ [I" (T~xJ +x U;~~;.) ]N(x)V(x)F(x)
[I" (.,::~)) + x U;~~n] N(x)"(x), (""0)
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l:Xl:I'pL for a 1lI0dlllitLl:d dl'll~iLy of ~tilll'~, N(x), which was lreatL'{1 as a constanL in
W,:rtll1lllu:r'soriginal work [28].
It is rl:iulily SL>t:ll that the appli~atilln of llw c1osun: property of the eigenfunc-
!.ions to lIlC illL(~grilll~lllaLion, E". (2.186), is nG~ justified, sinr.c the modulated BCS
l:I>lll'lillg r.Oll.~t1Lllt, V(y), dm:s lIot satisfy the same continuity oorlilitioll at the in-
l.l:r(ill:I:S iL~ do 1I1(' dj?,lJllfullr.liuns. ~j(Y). III particular, althe interface (x = xo), the
inl.,,/,ml
Jrl'yli(xo - y) V(y) = V{x;) or V{x;), (2.190)
is not well dcrill(~d.
lln,ll:r tile Werthiuller nl1llroxill1atio11, the transition temperature at zero applied
lit·ld fur;~ thin hilayt~r syskl1l, {e.g. Nh/Gll wiLh Ve• = 0 for CIJ and (ie., rill" --+ 0),
is p,ivt'll hy [281
l' I (2.101)T:~ I +~~.
This l:xpres.~ioll gh'j~~ rise to a higher transilioll temperature than that given by
T (7~.)~r.;-;:=~ . (2.192)
IL is gCl1l'n,lly l'slal,lislwd Lhat \Vt:rtI1a1l1er's result, Ell. (2.191), is inappropriate in
tilt· Lhill filmlimil [2!i, "al sinn' T is higher than that found ill experiments [44), and
thlls I~q. (1.1!/1) is applici,hh llowlwcr, for thick fillllS, Eq. (2.191) Ilualitativcly
fits the experimenlal dllta and Eq. (2.192) usually underestimates the transilion
2.5.1 General Formnlisnl
III urtkr lo avuid lllt' diflit:UILy met ill Werlhamcr'll approximation, we notice that
till' pair ampliLllllt' sati.~lil'S llll' l<lHlIt' boundary condilions specificil ill Eq. (2.142)
Gllapter 2, The Microscopic 'J'Ij(~ory of 1/llwHllJW'Ut'lIl1.~SUlwl'nJllrlurr(lr,~ (in
,15 {¢j(X)} 5pedn(!d in Eqs. (:URI). (2.IK!) lind (2.Htl), ~l II'" "XII,II1<1 UIt' pail
ampliludt,ag
F(y) ~ I: ",J;(y),
and substitute i11lo Ell. (2.lflli). Wl' obt.ain
Multiplying Eq, (2,191) by ¢",(x)/N(x) 1111(1 illtq;rlllin~ willi l"l's!H'd, Lo x, \1'(' ollt./lin
We introduce two matrices,
,1",,('1')
8",(1')
J'PY.;.. (Y)I{,:;~)) V(y)I,,(y),
XC'lf~:T) jlflIJ4J;,,(Y)II(Y)!/J;(Y).
(:''!'I1Jfi)
('l.I!J7)
The existence of iL non-trivial Sollltioli of Ell. ('l.l!Ifi) LlH:Il I!'acls 1,lIll SI"~lllllr l"fllilt.iull
('l.l!/H)
The highest temperature obtailWll ill solving this .~er.lIli\r l:'llliltioll is l.Iw lf1lllSilioli
temperature. Of particular inlcn!st are Lwo d;L~S(~ of llla1.l:rials .~IJl'rilil:d by
for which the secular eqllatiolL, 1~'1' (:l.I!JH), r",II1f~':s 1.11 L1ll! WI!rLlmlrL.!r ('llllati"ll,
8(1, (2,189), and there(ure, tile Wt!l'tllllll1t!r forll1lllisl1l hl!t:lJIIll'S l!xad. Till! iLI'llli.:a.
lion of OW formalisllllo these gl:llll1dril!s ill the prl!St:IH:t: of all apllli,:d lid.l rt"I(J<:I!.~
to solving an eigenvalue !:(luatioll
"- hD('i1- i_All F(x) = (.iF(x) ,
.;.. ('l.:lIHI)
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to~ellu,r with tllc houudary conditions, E(l. (2.]42).
The n:s(~;trdt work presented ill this thesis consists of lhcore~iclIl stlulics of the
transitiun temperature in the prC!icncc of applioo field for these two c1assC5 of ma-
lerials.
[t call he readily showll that sccular (..'(Iuatioll, Eq. (2.198), reduCl-':S to the forlll
propos{~fl by 'lllkalliL~lJi am! Tachiki (2fi, :J6, 42, 52j,
(2.201)
willlOllt iutrOllucing de Gcnues' cutoff. Auvil Rnd Ketlcrson [431 Rnd Lodder and
I{opcrdra.ad [52] were able to show uumerically that the trausition temperature for
it hilayer ill both thick and t1dll film limits, e.g. Nb/Cil or Nb/ AI, can be recovered
by lIsillg TalmhlL~hi-1'achiki's secular (..'qulltioll, E(]. (2.201), if the cutoff ill trca.~ed
t:,m~flllly ami S{<j) is evaluated lIsing E([. (2.1!'i.'}).
Chllpter 3
Surface Superconductivity in n Homogeneous Superconductor
3.1 Introduction
It is well established both lIwordically allli m:perillwntally that LlII' tl'l11lH'raluw
of surfaces, Thc best known H'lllllL ill this context is till' ('.'Cpn·ssilJ1l fur the- Ila!'alh'l
critical field, first obtained by Landau nncl Cillzhur~ [fHI. for 11 supl'rwl1Clllding thin
film
(:1.1)
where ri dellotes the thickllllSS of thin mill, A('I') is l,lll~ pl~tld.ral,;1l1l llml-\lh ;1I1l1 lIe('I')
is the lhermodYllillnic critical field. This yidrls thl~ fullowil1j.!; tl~ltlpl·ral.lll"l~ Ih'pl~lI­
dcncc
in t~rlllS of thc extcnded GL theory ill (lirty limit [Ill, Ill. This rt~lIlt III~~ helm
confirmed by numcrous experimcntal studies alld t1ilrl~rs signilinUiLly frllll1 t1w l:or-
r~I)Ondillg result for a hOI1l0gl~I)(~OllS systt~rn in Gillzllllr~-L;IIIlI;11l t.Il1~lIry, in wllidl
Ha = ../2,,11.('1') = ~~;~;('J~ -'1'), '1' ..... 'J~. (:l.:I)
The uppcr critical field in systems of ;ntl~rll1(~c1iat{~ thir.klless WiL~ stllrlic~d ill thl~
carly sixties by Saint-.James alld de G(~IIJlCS [util williin tll(~ fralll{~wlJrk uf (:imr,llIlr~­
Landau theory. Thcy discov~rell tllaL while the h:rnpcralurl: d(~lmrlllmll:f~of llll~ Ilpp(~r
(j'l
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,:ritil:al ridd tlxhilJitc:d U f;fOSSllver from a two-dimellsional regime, liIllT_T. HII <X
.;r;T-, to a tllrL~: dimensional regime, liIllT_T. //11 ex (Te - T), with increasing
Lllit:kllC.~S, the rt:Suh1Lnt proportionality coefficient is 1.69 tirll0.; larger than that
of;l hOl1logellllolls sllpcrwnduclor, /III = 1.69 He1 • This rcsult implied that the
Pl'l~SllIiCC of it fret~ surface could induce the supercomluctivity to persisL to a. higher
appJicl1 fieltl than it. otherwis,) would. This phenomena is referrctl to as surface
sup'lrr:onduc.tivity, Sillr.C the order paramettlr is localized dose to the surface wit.hin
il disLlLllce of .TO "'" y'ij]9ciTIj{1/ ({II "'" .j4JG!2rrll), and forms a supcrconducting
sIIlJ;llh. Tlw theordical resulls of Saint-James and de Gennes have been confirmed
(lXIWrilllentally and t.he phenomenon of surface superconductivity is well established.
In addition to the work of Saint-'/ames alld (Ie Gellllcs, Tinkham [20J examined
the 1l1lgular dtlpendtlncc of the IIpper critif.al field for a thin 111m, //(0). He obtained
t.lll~ following rt'sult
1/(0). 1/'(0),
---,r;SI1l0+ HfcOS 0"", I, (3.4)
with I/.!. = 1/(1)' While Tinkham's result is, strictly speaking, valid only in the thin
lilm limit, tlxprcssctl in the ahove form, it is often used a.'l an interpolation formula
for films of arhitrary tllir.kncss uy substituting th'l experimentally determined values
for /III .1Ilt! /ll. into the above formula. This interpolation formula. is evcn used in
the interpl'dlltion of the angular dcpclHlcllce of upper critical lield in sllllerlattice
gL'OlIldl'ies.
Tlltll~xl.(~nsioll of Tinkham's rcsult. to the angular dependence of the upper critical
rid,) for liIllls of arbitrary thickness may be cxpected to lead to some understanding
as til huw tilt, supcrcontillcting sheatll, appearing in the parallellic1d case, is modified
ill Lhe ,:iISC of I\. finite angle. Tire lirst sudl studies were prcscnted by Saint-James
[21]. Using GimdJlll'g-Lantlau theory, Saint-James derived an expression for the
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logarithmic derivative, l1l, in l1w limit 0 .... 0, tldillt'tl hy
. I iJIII4J:l~lJ Tiao'l"
as a. runction or the reduced fh·M, II. = ~if, with d dl\llUtillg LIlt' thil'kl1t~.~ vr ;1
mm alJ(1 {If denoting the magm'tic {"tlht~rt~n({' 1'~llgt,h. hy nw,uls ur ;\ Pt~l·tllrlli\tillll
expansion ill terms of the allgl(~ 0 or tht' apillil'ti field rdativt· tu till' surrat·t'. Ollt'
particularly intercsting l\Sped or tIlt' rt~llltllhtllillt~d hy Saint·.Illnll~ IYas tllat llll'
dependence of the logarithmic (leriviltivl' til, un I.1w I"<'dnl"(,tl li,'hl h, ('xhihill',J ;1 "liS!,
at h = he = 1.62. The value or the logiU"ithmir. deriviltive ilt II. = 11., is ,I' >= -lI.r,;14I.
While experimental ~tlldic.~ lIppl'ar(,tl Lo confirm L1l11 n'sillt ul>l.llilll·d by Saint·
Jamcs, ThoJl1p~oll [2<11 later pointc'd out that Sllint-.IaIlIt':S' "'sllit was in f;wi in Nror.
Specifically Thompson was able to show that all the t~v,m tc~rlllS ill il... JmrtllrlHliiul1
series used by Saint-.lames contrihnl.cd to Llit~ lugarithmit, dt'riviltivl~, 'I', ,lilli, loy
considering only the second onll~r krill ill the perturbatio1l Sl,ril's Sllillt·.JmlLl·s llild
obtained only an approximate result. '['hompstlll WilS il.hlt~ it! slim Lhl~ 1,,;1<1111/0\ tC~l'lliS
ill cach order of thc pl~rturtmtioll seric~s ,ulII (Jllt,lin ,UI (~xa.d eXl'n·ssiuli. Wliil" (,lie
result obtained by Thompson wa.~ qUitlital.ivdy similar tu that ,l!;iVI~lI lIy S'lilll·.J1IIlWS,
inasmuch as it reduced to Tinkham's rl.'SlIlt in the lhill film lilliit mltl it (,xliil,itclll1
cusp at 11 = he = 1.62, lhere arc irnportlUlt (Illilntil.'ltiv(~ dilrl~n~III:I'S hdwl\ell 1I11! tw"
results. Most notably, the value of the logarithmic dl~rivativI~. '11, g<»t~.~ to ;-;t:ro at th,~
CUSI) ill Thompson's analysis. ThuJ1IIISOll [:l~1 also Ilualywd c:lIr1it~rwurk, t:arrie,1 unt
by Yamafuji et al. [55J, on the ful! angular tlt~pell,lt~lll;t~ of 1I1t~ Ill'flnr eritil:al ridd
for a semi-infinite gcometry. In this case, ThullIpson pointed Ollt thht thl: 1!tJlIllllilry
condition used by Yamafuji et 11.1. [5al wa.~ ill1tppropriate.
Despite the facL that previous sLlldit~s, notahly tlmt of Sitillt-.liuncs [211 and
YUllIafuji el al. [SS}, on tllis topic lJ1l.ve a f(:strictt~d domain uf v,~li(lity iLlld tlt(~ [lid
thaL their work was mathernalically prubbnlltit:al, both dairn gU(J,1 a~n:t~IIl'JIlt willI
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':Iirtaill experillllilll.al studies. In the Cil.~e of the results presented hy Saint-James
[11, ::!:IJ we suggellt., on t.he basis of results obt.aim"od from ollr allalysis and l)resent.ed
ill this dlll.pt.er, t.hat. the experiment.al r~sult.s considered by Saint-James are not
suflicielilly precise tIl Ilisliuguish hclwClill t.he various t.heorclical results and t.hat.
Ilil/Tli ,Iel,ail'id aud systelllatic eXllerillllilital st.lldies arc required.
While lIew reslIlts alld a crit.iC1ll rL"exalllillat.iotl of previous work on the upper
l:ritklll ficldll ill supcrcondllcling films /He of themselves interCl'lting, the resultll arc
alsu rclllv;LIll to similar stlltlies Oil supert:olllludilig superlattices, a topic of consider-
ahle current int.erest botlltheoretically antI experimentally. Indccil it Wil.~ the analy-
.~is of the llilgular dcpelJ(!ence of the upper critical field in sllperlat.t.ice st.ruclures (38J
thatl1llltivat.ed the I'rCSl;llt calculation for a sillgle film, since we have already not.ed
that. results obt.ained for thin fihns are ofLen used in the interprdalioll of dat.a from
superlatlice st.rllclllni.~. The formalism used in t.he present3ludy and the suhLleties
(~IIC(JlllltCTl;d also lIlanifesl themselves ill the case of the sUllerla.Ltiee geomet.ries.
In this c.lll\pt.l'r, WI~ will calculate the llpper critical fielll for a supcrconduct.ing
lilm for all oricntations 0 s: 0 s: 1r/2 ami a TiUlge of LhickmiSscs, including both finite
thickness and the sellli-itlfinit,(igl'01l1dry.
III Sl~tioll a.2, we will formulate the eigenvalue prohlem based 011 the de Gennes·
W(!rllHuner dirty lillliLth(~ry. Il will he shown that t.he applicat.ion of de Gellnes-
Wt>rthamcr dirty limit thcory to a sliperconducting film call be accomplished by
Lwo steps. One first. lICI!'!:! to solve t.hT: partial different.ial equation for the order
parameLllr, incorpomting the givcn gliOillcLry and boundary conditions given hy
l~IS. (a.6) lind (a.7), in order Lo ohtain Lhe eigenvalue, Eg • Then olle maps the
('igt'llvalul"' to the t.l'lIll'f'Tatllre tiellellllcnt. upper criLical field using the Wcrthamer
"llllation, Eq. (3.8), to oMain t.he t.ransitiol1 temperature.
In Scclion 3.3, we will show how we call recover the thin film limit, Eq. (3.2),
CI,.lpler 3. Surfa.ce Sl/percoudllct;l,ity in !l I1rJ1llogp.n(-'Hlls Su/wrl'CIIttludor (i(;
using lhc DW formalism by Hwans or a si1J1llll' l1l\'!ln Iii'll! ar~lllllcltl. WI' willt!LI,tt
introducc thc conccpt of the 1111dl'lll.ion ,'plIkr lInd shull' hull' iL pla)'s a t:rtlt'illl rule
ill ddcrminiug thc upp('r r.rilir'll fi.'ltl atH! I.hl~ tllltnrl' uf tlw ortll'r jlllrl\llll't..'r wlwlt
the reduced field II > he (i.t'., rur llloderiltdy thick IiIms). Itt parLieulllf, I\"\' will
show how this lead.~ to the enhlltt('t~l\lt'nt ur thl' nPlwr nitic;11 lit·hl ill LIlt' .·llSP ur
thick films (11 » he) au(l the rllct, nl1udl,{! to I'arlil'r, that lIt1' unl.'r p,ITltlHt'll'r is
confined to 11 thin sheath (J~u "" ~II) clOSt' ttl lilt' surrare.
[n Scclioll 3A, we willrevit~w in sulltcwhllt lllOl'\' lll'l,ail Im'villus wurk [:W, 21,
21,54,551 on the angular dC]l('lIllctlcc or thc upper (:rilicallidd ill SlllWrnltllludilll~
films. Thc purpose or this rcview is lo examine Ute vil,lidiLy uf I'arlil~r wl)\'k ll11tl
Lo draw allcnLion to the inconsistenc."$ that exist among LIlt, vl~rillllS L1tt:ordklll
rcsults.
[II Scclioll 3.5, we !HCSCllt au eigenruudion explm.~iolt ll!duti1Iltl! I.u soh'li L1tl'
eigcllvalue [It'Oblem posed by till' UW rurlilalislll ror the Cil.~l~ Ilr ;1 tiltti<l t1l"~Itl'1.il·
field. Using this techlliqll!l WI1 art: lIhll~ to C"lc.llllLtl~ lite: ci~(~lIl1l1hte~ lIS a rutll'tioll or
oollcr thc rauge 0 < 0 ~ i for lIarious val lies of slab thit:ktll:s.~(~S, In Ililrlit:ular, Wt!
discuss thc non-analylic nature or lite t'ig(:nval1lt, jlmhlclll ill LIlt' limil 0 ...... (J,
III Section 3.6, we lise thc dgl~llllal\lc cl\lI:ulal,lld ill :-icdiotl :I}i to study lilt, full
angular (!cpcndeuce of the UPII('r critical ridll, 1/(0), at lix(',] !.('ttlpl1faluw UHittJ.; t.lu,
Wcrthamcr C(IUalioll, Eq. (a.8). The rltltgl' ur LhickrU'.~s or Ute1 slall SI,lIllitit! illdtltlt~~
thin, modcrale and tlJick films. II sl'mi-illfillite gc!wlteLry is illdttllli'! as UIl~ litttiLiuR
case of a lhick film. II 11CW dimclIsitltml crussov"r, wllidt tllay b" ...:r(,rr"d tu ;IS a
transition from a surface effect (single surface dOllliltlllll) 1.0 a siz(, dred (1IuuIJI(i
surface domillanL), is predicted l1y 1I11: lht..~,rdit:al calclIl,ttiolJ,
In Section 3.7, we show tlte WHsistctlcy hliLwcell our 11llJll(:rir.al rt:sults rHr LIt('
logarithmic derivative, limo_on 2lfII11,1" ;1lI11 'I'ltomp.'iI"JII's thcmdi':ld n:lllrll, Om:
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illl(~rcslillg and importaut aspcd associat.c,1 wilh the cakulation of the angular
dt~p'~'1I1t~IIC'~ of thc upper crili(~al nelll relates to Uw fad that, while the rl..'slIlt of
th(~ IIPPCI' criticid nc1d ill the limit 0 --> 0 agrC(',s with the result obtained for the
flMidld lid,1 (~a.~ll, the limit is fill' from trivilll. This arises as a COMC<[UCnCe of the
fad tllilt L111~ 1l1llh~rlying dgcllvalil(~ prohlem for Uw tilted field dilrt~rs qualitatively
frolll tlte mrrcsporillill,l; l~igelivalllt~ prohlem in the parallel field calcnlation. This is
muTti lll/tli it simplt: tec!lllicnJity, /Il! it rnelUl~ that [)l\rticul/tT care i~ needed in the
ddcrlllillatioll of $ = ftWlI
T
ill the limit 0 --I O. This is particularly so in the case
uf the al1ll1Y1l('8 prescnte<1 by Sailll-.larncs [11] amI Thompson !24) who evaluated
the slope hy 111c;,.ns of a perturbation with respect to the parallel neld case. We
will show tllilt ClIl]' tt~tlll.s fur $ = iIWfI
T
arc, within the numerical precision of our
,:alelilatiulIs, ...ollsistcnl wilh those Olll.aiucd by Thompson {24J. The expedOlcntal
implicatiolls of measuring this quantity arc discussed in det.ail. III Section 3.8, we
IJrCst~ut it llllllllJer of condllaions (Irawn frol11 the preaent work.
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3.2 Eigenvalue Problem in the de Gellucs-Wcrtlmlller Theory
III this sl..'Ction we wish to considl'r tlw l'valual.iull lJr 1.111' IIPIH'r nitil;"l Ih'I,1 !If a
supcrcollducting film of 'lrhitrary 1I1;('kIlI'Sli 1lI01l11ll'11 t>11 1111 iIlSlllll.,i11~ suhsLral," al
all oricntatiOIl 0 relative to the direction of tlw i\ppli('~1 tidll, hy lIll'IIllS uf Lilt' \)\V
theory. The sJlccific gt..'Omclry is shown ;11 Fig. a.l.
I'/II .
1/(0)
'"
Figun' ;t 1: Slah G(:tlllldry.
Since the supercollducting propl1rLi.~~of Ult~ fillllllrll lIuironn lu:nJSS th., L1ri"klu':';'~,
we sec from our earlier disCllssioli that till: I)wbl(:m, ddilU~d Ily I~'I. (l.lOUj, wdul:t·s
to the delermillatioll of the minimum cigcllvllhw, whidl we d.lrlult: lIy I~'~, ddinl:tl
by
- 11 D(V - i~A)~ F(x) = 8y.r(x),
togethcr with the bOllndary condition
(a.n)
lUI
The transition temperature for Il given applied lIH1gllcli.: lidtl /I, ori'1ulaliurl 0 allli
thickness 2a. may thell be obtaincd frolll the Wcrtllllllwr 1:lllll1li(jll, I~l. ('l.'lOOj,
(:I.H)
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F'jr Lllf' J;,~(JlIll'lry S!IOWII ill Fip;. :1.1, WI: dloose tIle Londou gauge,
A(x) = II(O,;r: cos 0 - .::: Sill 0, 0) , (3.9)
wh"w 0 is t11l~ allgl,: hdw'~"l1 til" diro..-:tiOIl or thl: applied field ilUri the:; axis amI 11
lil'sin1.heJ.-;; IIlillw.
'I'll" "!I"mtol", -(9 - i~Af, ill Ell, (:Uij, ror the c!Lo1;ClI gauge is expressed as
w,· ,Idilw ,L !I1ilgllelir, cohr,rellce I('ngth (/I 1L'i
(3.11)
iLl,'1 illtl'<ulll(,(' till' ,lil11CIISioliless variables
.,
;r:--1{;;, yy ..... -.
i"
(3.12)
\V,. l1I;ly write the 0lJerator, -('i7 - i~A)2, ill tcrms or the dimensionless vaJiahles
2 {P P ) )
-(9-i...2:.A}2=fj/ -~-~-[';--i(xcosO-:sillOjF ,!fJ" d.r 2 {J:2 /)N
{
p P .) }i:. = -~ - ~-[~ -i(x (osO- =sinOW '(I.r. 2 d;;2 iJy
(3.13)
(3.1')
\\1,. 1,lwrdon' wish ttl d"tcrnli11l: tIll: milliI111111l('igcllvilluc!: = Ega//hD that satisOcs
L11t'dilf"r;'lltiall'IIU<\tiun
1~.:F(,r..y,;;) = ".J"(;r."I/,=)
11'lwI.11t·r \\'ilh th,' hOlillOl;lry 1'001,litioll
Ii I;:y;.:F(.r,II,':::) =0.
r=±-.'/(I/
(:J.15)
('UG)
CIi<1ptcr 3. Surface Su/wrcolt<lu,U\'ily iu il lI(Jru(Jg('/lf'<lu.~,""uP"fl'rflllludtlr' ill
IntiI(' following ~,'f1iolls, 1\'" lI'iIllil'sl.~lIll"'· Eq. p.I;;) f"t HI<' l'aralh'l li,'lli ,·a:;,.,
0=0, \VI' will ShUll' l,hl' rllk Illil~",t1II.\·llll' I"wl.'ali"" ("<'1\1,'1' in 111.- lll'I"l'1I1iUilli,'n "f
the' 10\1','st "ig,'uI'al1ll' (hll' lo til\' hUlilillilf.\' t'llll,liti"us illlp,,~,-,1 h.\· , Ill' ~llrr,U'" df""1
[I!)]. We thell slmly tlW"il:<l' {If ;lfhitr;lfy ;1I1~1.. «(J f 0) fur wllic"ll tl ....~I11-fa..,- "Ir,'t·l. i~
C01l11)ktdy d.'stroy..d .1111' to tIlt' !l<'qwlIIli"llhlf nllll]lulit'lll uf tl1I' ;'1'l'li,'d li"ld wllid,
]lcuelralcs tlw cutin' slah, TIU' pl'rsist.'lI"I' or 1.11,' sllI'fm-,· I'Ir,-d, ill 11", l'ar;,lld lid,1
f'fU,C 111111 tIlt, <11'slrudioll or llll' sudan' dr""t \I'lli'll Iii .. ill'pli,''[ lidd till. ...! at ,III ;," MI,-
.lctcrlllillcd by the dg"IlI'alll(~ ,'qliill;Oll. 1';'1. (:1. Pi), ill l,llt' limit (J -, II.
G!I;ljJL,:r.1 SUdiH]C SI/pr.rr:ourll/divity jll !l Homogcllcous Superconductor 71
a.3 Parallcl Upper CriticRI Magnetic Field
III tIl is sl~clioll, WI~ shl/w how tIll' lowcsll~jgfmvallll~ddcrminetl from the \Vchcr equa-
Lion afl(ll:lJrf(~~polidillg IJCJlllidary Wlillitioll llIay be ohtained by solving a lion-linear
first orlh~r dilrl~rctlti;ll l~fllllltioll, thl' RirHtti nqllatioll, tllrollgh a proper trausforma·
tioll lJf IlllLh lIll' eqllatioll illitl IlfJ1ludary l":ol)flitioll. Numerical solutions to the
l,iW:lIVidlll' III'uMl:1lI Ml' Ilrl'sl'llll:/1 111111 discllssed. U.~illg the Rir.atti fllllr.tiol1, WI]
L111'11 ulltaill 1l.1I1L)lproxil1Tall~ l,xpl"f'ssiol1 for llt(~ lowest cigcllvall1c i~S i~ function of t.he
1"elllll~l~d 1Lpplil~d fidll, h, over tile range II :5 II", by a mean field approximation.
Tlu, lt~1I1pcr'lturc 111!IlCndetice of the upper critical field for l' ~ T" is given to
show lfw dillWII.~iollll[ transition as tlll~ thir.kness of the slab varies from finite to
ililillitl~. Wl' show how tlu, rI~.~IIILs of Ginzhllrg and Lalldall, ami Saillt-.Janu..'S alld
dl' (;('nill's llI11y be re(':ovcred ill the thin film ilild thick film limits res[>cctively.
3.3.1 Weber Equation and Ricatti Equation
I·'or 1I1e 0 = 0 Cll~(', the rigcllvll.lll~eqllation, Ell. (:U.')), l't.'lluccs to
[
iJ' iJ' IJ . ,]
-a;;-tbi-(7iij-u) T(:I~,y,Z)=ET(:r::,y,z).
Sllb~Litl1tilig tlu~ rollowillg an~lIl,z for the ordel' parallleter
(3.17)
(3.18)
inLl1 Ell. (;1.17), tIlt' eigl'llvaluc l'llilatioll further reduces to Lim Weber equation
(3.19)
Idl<'l"l' tlu' Wl'lwr fundiun. h(.r), i~ ~Ulojl·l·t to the buundary cOlldition
,( ITh(;r) =0,
f;( ...::1:"
d=~.
'"
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Thc cigenvaluc, e, IlefllH.'t1 in Ell. (:1.17). is tlll'n gh't'll h.\·
It is readily seem that lJ = 0 is Ill'C"''S~<lry 1.1> I,hl.ain \,11t' llIinillllllll ('i~t·I1\·illlll'.
Since the solution rOrWSI}()llfling to L1II' millilllllltl l'iW'II\'ahu, 111ls llU lllll!t'S, w"
llIay illtrmlucC' an allxiliary fU1IcLioll, Il\(;r), lldill"d ,IS
p.:.!2)
Usiug L1le Weber I'fjlliltioll, I~II. (a.I!J), 0111' 1'<111 show t.h"t lliis ;Illxili"ry flllll'tiuH
salislies the Ricatti Clilliltion
suhject to the boundary condition
Thc minimum eigcnvaluc prohlem statl'd l,y EllS. (a.:.!:I) ;11,,1 (:l.:H) in krlllS 1If till'
fUllcLioll, R.\(x), is entircly Cllllivalnnt Lo the olle stiltl:l[ hy gqs. (:I.I!) ,1I1t1 (:1.211)
ill terms of Wcber funcLion, f>..(x). [[owever, heGau.~I: it is It lirst (mlt:r dilft:r"lltial
Cli\Httioll, Ell. (3.23) is partil:lI[arly wdl-sllited to 1I1lIlWrit:all:llkulatilJll. 111 "dt[itiull
to providing a basis for Illll\l{:rir:al l:akulal.ioll, Ell. (:1.2:1) ltlily also III, IIst:11 to o],Lnili
ilpproximale TP~~ulls.
Wc have solved E'l. (:1.2:1) 11lltlll:rically, logdl,,:l' willI till' [lIlIIlIdal'y ",ulfliliult,
(:I.:.N). The CigCllVit[Ul' s]lI~d.ruU1 for till: n'lltJ(:t,t! al'plil~tllidds ill 1,ltl~ rau;t:, 11.1 ::;
It :::; !) is presentcd in Fig. a.2. It is st'I'U tllal fllr It < hr = 1.1i:l1l11~ H1iltillllltrt
eigenvalue, denoted by ..\", is found ;d. 1.:' = n. The t:UITt:Spollllinp; dl;l:UrlJlldi"u,
h(x), is a symmetric rllnr.tioll. This illllif:atl!S llmt tit" spal.ialllislril!lllilJn of LI.I1
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Alk)
0.0:1
Fi,l;Ufll :1.2; Surr;ICC plo~ of ~hc eigcllvalue ..\ as a fUlldioll of k alit! It for thc 51ah
,l;l,{lllll'try in parallel Ilpplil:d licit! C<L.~C.
order parameter ill thl~ lillll is domin"kll lIy tILt, ~i~t' dft,\,l. ~illl'" t.l1t' l'harilrl,t'f uf 1.11\'
order parmn('lt'r is strongly illHlH'lII'C'l1 by lml,h .If thtl frc'l' slIrf,H"'s, Fill' II > 11,>, huw·
cvt~r, we SI'C tllat tIle \'igt'll\'nhlt'.\ hilS t1onhlt, Illillimll 'Il.~' = ±k" l'l'lilll','I,i\'"ly, wlikll
shows a two-fold dl'gc~ll('racy of tlw C'igl'llstlltt' [fi;11 t:nrrc'sllUudili/.\ 1.\1 tilt' "PIII'ar,lllt'l'
of a vortex solutio11 1l.S proposed by S'lint-.Imtll's {(ml, TIlt' lI1iuil1llllll l'i/.\I'lIv<llu,'•.\.,
as a functioll of II is presr.lltt'tl ill ["iI!., :I.:~ (':llrVt~ (I)), '1'111' t"lIlllt'raLun' dl·pt'lIdl'lll"·
of the I1pper critical field ill tll(~ thil'k lill11 litllit.ill~ ,·a,~,· may hl~ \ll.tllil1l't1 I.,v 1,1ll'
foll"wingillmlysis,
POI' 1l:;» h" we approach till! limil.ill.l; (lJI'l11
1,:" = (t - J(I,!'i~JO]tl,
in which the correspoudiug cigenfullr,tiolls are strollgly l(J{:ali~tld ,~rUlllltl £ '" :I:~:.
with a spatial extent of order ...... </I, 'I'll(' t:orJ'tlspomlin/.\ c·iJ\t·IlVilllll· is J\ivt~ll lIy
,\. = (l.!'j!JOllJ,
This corresponds to the phenOllll'n011 of slIrfan' SIl]lI'ro:ulIIll1divity lirst Ilisl:IIS,~I,,1 I,y
Sail1t-Janws and de Gellllcs [W:;], SlIhstitlltinp; tllt~ iL~YlllpttJl.it: fUTln of L11t~ \:iW:IIVidlw
into the Werthamcr c'Iuatioll, gq, (:1,8), we ohtain
,(O.ri90Ih lJ'l.1r:II) 1 (I..) = 0
X 2trks 'l' t/J" + n '/~ , (:1,~7)
Taking ~hc lil1li~ tJlat T -t '/~ alld II -> H, we ulJl.aili till: 1"l'Slllt ,!?;ivl~u \'y Eq. (:1,:1)
where we hiwe used the cxpansi(Jll of lilllz_OX(z) -I ~z, C:lIIlll'ilrill,!?; Lllis witll 1,IICl
corresponding result for thc up]Jer cril.i<:al lid,llJf all inrinit(~ Illml/)W:I"'''I1,~ ~l1l't:r-
collduclor givCll lIy Ell. (2.16!)), Wt: SI:C th;~l
::~~~~',\ = I.WL
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I"il-\Url' :1.:1: l'ltit of till' milli1l111111 of thc dgl~nvallwA* (O\lIll!ll.t J,;* as flludion of It for
tlU' ~I;IIJ 1-\\~ol1ll'lry. Thc ~oli\1 lilli' is the result of llumerical calcllla.~ioll. The other
two curl'es an' nlJ1.aiUl'11 llsing tll\~ lIll'lm field approximlltiotl (2) llud lincarizalioll
(:I), rc"~JlI'dil'\'ly.
or ..\(1.:) for II > he signals till' IlILSI'1. or SlIrr,U'I' SlIpt·rwtlthw1-il"i1.y.
3.3.2 Mel.lll Field Approxilllnt.ion in t.he Thin Film Limit.
In ortler 1.0 treat Llw thin film limit, WI' "'lIIsid"r 1.1](' ,lil'l','rl'iun t"<,lal.iHl1 ,,101,aitll',II'.1"
iULegraling Ell. (:1.2:1)
,\= ~rr.~ +k~-±/:, rI.t Ul(.r) , (:I.:\ll)
which shows the t1'~III'tltlt~tt<·" ur Uti' "ip;t'tlVillll(~, A, un 1",1,11 llw 1"I·,[u,·,·,1 1IIi"ktw~~,
2(1 = 2"fh, ami tl1l1 phas!' IlaramC'llir k. III or,h'l' to "I,t'lin Htl IInlllyl.i,·all'xpn"'lsi"t1
nf Ute mittinllltll l'i~l:ttvllltt" \lv"r 11 n·rtaill rot III':!' ur h, 11'" sIIAA"sl, tIll' r'lll,,\\·itt,l', tttl'1Ul
field approximation and tlten v'~l'ify its validity hy w11tp'tl'illj.i, wil.1t 1.11" I1tltlll't'inll
result. For the sylllt1ldrir. solution, /,:' = lJ, Tltt~ Hinllti "ljlt,ltiun, I'AI. p.2:1), In.~y
(:\.:11)
where the avcmgc is defined ill'
The solution is imlllecliatc!y fOllUd tu Iw
witlt
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'1'111: aVl:r1lf\!J valuCJ, IiHII), is Lhen uht'lillCd sdf-consistcntly through the illtcgral
Till: Illinillllllll l:iW:lIvahu: in this mean neld approximation call be expressed as
(3.35)
III till: Lhiu fillll Ilpproximation, :1bJl1 « J, we obtain
(3.36)
Maki [1l7] obti~incd this rcsult in till: thin film limit of 211, « ~II by treating the order
paralllder as IlCOllstant. In fad, this result may he obtained frolll the approximation
or IiH:r.) ::::: 0 in Eq. (3.30), which is Il. much looser condition than 2ar «; {u. The
lJUrVL'N of A- iL~ a function of 11 for both the mean field approximation aud the thin
Jillll 'l]Jpruximution ilre ~ivcn in Fig. 3.:1, curves (2) and (3), respectively. Compared
WiU, till: llulllerical solution, it is Sl'l'n thaI. the validity of the thin mm approximation
is It i 0.5 or 2(/. i ..;:i{1/ illsh'lUI of :lu. «(II, and the lIlean field approximation
prtlvilll::t n ~ooll tlcsfription of the minimum eigellvalllc, >'-, for h :::; h~.
TIll' h'lllpl:I'alun: dependence or tlle parallcluJlper critical field for a given film
with tllkkl1l'l;s 'lrt, nUl he obtaillc(1 hy subsLituLing the minimulll eigenvalue, >'-,
inLu Llw Wcrtlmllll'r .'lIllation, E(I. (:l.R),
X[~h'\;.(")] +In{t):::::O,
whl'fI' I. ::::: f and we inLroduce
(3.37)
(3.38)
wl11'I'(' li111:_U y(.:)_ ':1r1/'1 wa~ ll!wd. TIll' I,PIUIU'l'atlll'l' dl'I"'IIII('lw(' uf t.11l' HI'IU'I'
nitintl lidd in thill lilm limil b l"1""ll\"'l"I'd h.l· ~lll,.~I,iI.lI'itl~ .V ,,;: ~h inl" Ell. (:I.;lH),
wltich yidd~
alldtllllll
_ 2." (" vel: -'1')
lin - -;t V(fli -'1-:-. (tI";::!II,).
p .. III)
3.3.3 Dimensiollill Crossover fol' Pillns of Illt.Cl'IllC(lial.c ThkkllCHS
UHinJ.; tIll' nlkllhtt(~{1 vallll'lt of till' Illw('ltl t'i.t;t~lIvillilt's 1I1111wtl ill Fi~. :1.:1, \\'P ('1111
romplllt1 tll11 t(~1l1P'~l"iLb1l't, ,h'p"llIlmu'(' uf tit" 111'1"'1' crilit',,1 lipl,l f,,1' ;lIIY I'"hll' "f
thicktlcss (I" The rt1111l1l~ for Sl1l't~rill V;t!lIt'H of II, art· 1I1mwll ill FiJ!.. :J,,1 (;d, Tht1
Tlwse rt1SIIIls dt1arly slllllV lIlt' lTlISSIJI','r ffum 1I11' tW'HlirlH't1~i""illl ...lml'i,,1' 1l.~ 'f'-.
1.ll r/E,u -+ 00. Udillill~ lh(1 tl'IlIIW1'alllrt' at wltidl lilt' t:ruS.~"VN ''''''lIrs a,S 1I1" vahll' of
11,,;: l.Ci1. at wllidl thl' millimlllll (~i.t;t~l1vahJ(~..\' lH't:1I11H'lt dq;,'r"'l'i.l(', Wt~ nUl l't'MJily
filklllalt' llll' d'1pt1I1dt'III'11 uf till' l:rOSSOI'I'I' ll'lIlpt11"i1lllrt, 011 till' tllickrwsH Il r. TIll'
graph is giWll ill Fi.t;. '1.1(b), A,I;aili 1.111' t.llit·kllt'SS is ('XIH"'SS".! ill '.!'rIllS "f ~11t' It'II.t;!.I1
~,:ul" £'0'
I., (,,)
7PJN
1.2
I{ll) 00 _
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11.7---
IU, ....
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l"igun~ ;1.,1: Fig. (a) ~ho\\'s 111l' t{~lllpcmturc <lcpctldcncc of the parallel upper critical
lil,111 rurrcspouding tIl various rl~ducCtI thicknesses of 2f1r /£,o (:lA - 00). Fig. (h)
,,!tOll'S thl' critical thkkll{~s al which the dinwllsiOllal crossover occurs.
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3.4 Angular Dependence of t,he Uppel' Critical Field
The earlif's[, work all tIlt' il1lll:,dar dl'IWlltlt'nCt' of 1.111' 1IP[11'1" nitiral li"I,1 \\';lli I'llrt'i,·,1
out by Tinkham PO] h"st'd on tILl' li11l'ariZl'{l Ginzhlllk!..;uulau (;1.) tllt'"r.\' lIsill~
a variational l1\t'LIJOlI. \,VI' rail n ...·owr tltl' rt'sl1lt ullt,aim',1 fly "l'illkham wiLltili til<'
D\V thl'ury ill a l"c1ativl'ly stn,i~htr(JI"I\"Il',1 1l)'ll\II\'r. Su[,stitll1ill/o: tht ;llllial,,,"
into Eq. (3.15), the eigenvalue problem l'l'tlllt'CS to
{
iJ' .J' }-"iJii-~+[(x-I.:)r.()sO- =sinO)]~ :F(.I",=I=~F(J·,=),
iJ I . l' )ihF(x,=) >:=±u =0, =~~~ (":,= ..... n.
Tinkham's [G8] approximat.ion is IHI,sed lIll lilt' IHl~ll1ise th;,t fOI' it. Vl'l'Y t.hill lillll, tIl<'
houndary conditions given by I~I. (3A.'i) implies ll11l11111' l'ip,t'llflllll'tioJl F(;I:,:) will
depend only weakly all the coonlillilk x and, the 11IJekaliull 1'l~IILl'r ~:' = n 1:1111 hI'
chosen to he the same as in the pamlld fidd 1':1,,'{c [(j7]. 11It.1~p,ra1.illl-\ Elf. (:lA-I) with
resped to x OVt~l' tIle ral1gl~ (-II :::; :r. :::; tt) yidtls tilt' fullowiul!'; t~ip,I'IIVillolt' pl'"IJI'~lII
[-~ +((UllS() - =~illOr~)] f/(=) = £.1/(=), (:lAfi)
where we have defined
!I(Z)=~[::F(:r.,:)ll:r.,
ami
(:1.17)
As.~lltllillg:F dCl'cllds olily weakly UII x, Wt~ may ilflJl,.uxilllilt.t~
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[ ,[' , ..,] (" )-Jii +:: Slll (J !I(::) = £ - :ihms 0 !/(::),
(:l..'il)
A1.lix,'d lPllljll'ral,IlI"l', T, ,lilfl'l"l'lIl.i"tilll-\ till' Wl'rLhaull'r "'IllatiulI, E'I' (~.](n),
( ",(h!'),'J) (T)" ~7rkH'J' t\n 1;: =0,
wilh )"('!;Iwcll" () Il'.uls to fog"[h(O),OI = U fIJr all till' nricnt,.tiulls (0 < 0 < i). Ou,'
Ii lids llli~l
0=0,
'I'inkhillll\ forll1l1la., Ell" p.'I), fur tlu' HlI,Il;1l1ill' dq)\'lI{lpll("l' of lhe Ilpl"'l' l:l'itical lidd
i,~ lhll"~ ~i\'\'1l 1),1'
(;L'i5)
\Vliil" !'xpnillll'lIl.s I,.\' lI<1l"1)('r atlll Tillkllillli [mIl show t~xn'lh'lIt a~rl'l~IIlCllt witli
Tinkhal1l's furmlll" fur tliin IiIllls. ,IS tlU'y Sllllllld, IlUl\"t'Vt~r, for llIudPratdy thick
1iI111s 1,11t' ,lala f"lls (·,msislt'ul1y <lIm\'!' (II" Iwlow llil' t1ll'ofelicall'ufvll, dl'lwlUlillg Oll
till' lilm tlli,"klwSS lind 1,"llllll'f"tlln·. Om own IlIlllleriral I'tlSilltS (will IJ,~ shuwlI ill
S('I'I,iUll :!.Ii) indit"att' lhat 'l'illkhi1l11's fOl"1lJula p;iVI'S II p;oorl 'l]lpl"IlXill1'ltioll to the
nngular d~p(~lld(,IlCCof til(' lIPlwr nilit'allit'lll fur fI, < <II/../i.. Yalll"fllji ,-I. ,II. 1:;,11
claim to have gellcndizl'd Tillkham's fo1'ltlllla tu illclll,I" lill11s of ll1u<l,-r<lll- I.hirkll'-ss.
They givC' lhe followiug formula fur 1/(0) fur.t HIm of 111utt!'m1.. l.hi ..kllt'ss:
Yamafuji do al. showt'd tIle H~n"'mt'lll."f this f"rlll1llll wil.ll <I .<;t-e, "I' '-~l,,-rilll"lllHI ,Ial<l_
which lies alJovl~ Tinkham's ..un'", 11'11',"'\'1'1', ~i\'t'll 1.11<' 1';".1, tlwl 1.111' "XI1l'l'ill1<'lIl,,1
dala {fi9]lllilY abo lie helmY Tinkham's ':UTVI' fur thi,~k lihns, il. is Ilillicllll.l,tl drill\'
auy conclusioll from Y,Llwtfllji's forllluliL, E'I. (:I,5fi), 111 a 1.,1.\'1" pap"r. Y"lIIafllji 1'1.
al. [55] ~uggcsl.cd it sollwwhal Ililrl'n~lll furmlll" fur ,'xl.n·lIU'ly I.1Iit'k lilms I,y IUI'alis
of a variational nwthod,
and again, Yitl11ilfuji et al. were ahl(\ lo filld iL sd uf l'xIlI~rillll~lIl,d Ilitl;, whirll 1l}!,1't~~1
wilh their expression. I-Iowever, liS TllOlllPSOl1 [:l~] puillll,d ollt,;~ IWluuliLry nmditioll
valid ill lhe parallel field CiL.~e, TIt:FL",u ::. 0, iusLlwl til' f,;FL",,, = fl, WilS Ils,~1 in
Yillllllfuji'swork.
The ear1ie~L calculation of lin: angular Il'~p'''lll(~I1I:(~uf llll, 111'1"'1' c'rili,:;t1lidd fur
fi11l1~ of arbitrary thickness WIL.'1 givell by S1Lillt-_hlllll:.~ [~i] llsin/', Llll' (:1. forlllalism,
1I0wcveT, due 1.0 the pcrlurlmtion lIillllrl1 of llill caklilatiull, Saiul.·.JaJlIl:s w,~~ altll'
to obtain lhe slope of the logllritlllllk. uerivaliy(~ hifM- eJIIly ill LII(~ limit. 0 -I 0,
To rccoverSaillL-Jilmes' re~llit within till' J>W rTiUl",work, Wt: writ,:tlln ,:j~':IIYi(IIII'
problem iUl
\
V' 0' . ,)
--;------:-+[(;,,-/.:),:<)sO- : Sill OJ] :F(r.,=)=e:F(;r.,z),
ih;1 8z1
D I .ax.:F(x,::) r",:!:a =0, <.12~.~.F(r.,:)->(J( (a,!'!J)
where the ansatz defil1cd in E\[. (;U:l) W1IS IISt'tl.
Defining
1:.,. -f +\.r~ ~.)~ nls·!/J.
(, = _~+:~(""S1(}.
i" = -2(.,·-~·).::sill(jrusO,
(:1.1;11)
pol;l)
(:Ui'.!)
5aint-.Jall1(~ Ho\t'd that tlll~ l,{'rlll f: !t'lIlls to Zt'ro !nUII' lillli!, II -. II 'IIUI. Ill' "r!!.lIl,d.
it should he llossilJl(~ to ohtain Ilil "xl'n'ssiull fur j,lll' ;\1l/!;lIlill" ,h'pc'Il,Ic'llfl'ur tIll' t,i!!.I'll·
viduc in tIl(' limit 0 ...... 0 \l~ing p"rlllrhali"n theory. TIlt' Hllpt'rlllrl"',1 l'iM"IW"hll', I:{I,
llJay be obtaincll by solvillg till' foll"wllll; C"l'l1ltioll~
with
£;r!J{:t)
';,g,,,I') 11",.rI",(::) , (;UH)
ta= ),.j+I/", (:.'Vj + l)t:t1sf) +(:.'111 + l)siIlO, j,m = 0, 1,1" ,.
(t/Jj + 1)+(ll1l+ l)(J,
Including tIle second order perturhatiull t:urrel:tiutl, till' l·jll,l·IIV;t!,l1: is I~Xl'r"Sst'.t Wi
,(0)
(:Uirij
where
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(3.68)
Wl:n, uSI'II.
SaiIlL·.I'UllCS [Iml W,15 tlwll ,lbl!, to rdalC' the Sll1llmalion of the matrix clemcnt!'
llYN tIl(, l,xcit<:.1 sLales to the r.urvilturc of the eigcnvalue spcctrum, ..\(k) 1'1.1 k = k-,
':;tklllat~1 ill tIll! pa.rallel case, through
O".'(kli =2[,_,"I("I(X-k')I\)I'],
dk' ,.,. f,o 'i -A, (3.70)
whieh leads to
8=.'.[2+ O'''lk)] .
,I uP k",k'
(3.71)
Sailll·.Jamcs obtained the expn'ssion for the logarithmic derivative of the upper
cri1.ir,il 1i(!I,1 ill the limit 0 -> a for lixed T as
,. --'-- 011(0)1 __.'. [. O",W)] (0("';))-'o~lJ 11(0) no T - 4 :2 + 8P {)h . (3.72)
Originally, SlIillt-.Ianws' reSlllllwd becl! tliought to be an exact solution, since all the
higher order l.'rills in the perturbation arc characterized by a factor of or (p > 1).
llo\Yev(!r, Thompson [24, 56] later pointed out t1ml Saint·.lames' calculation of the
)ll,rturbatioll rorredion lip to the second order was in error and that there should
Ill' rontrilmliolls proportional to 0 fro11\ higher order terms. The problem stems
[rum til\' [,Irl tll,lL the eigcl1\'llllll's for tlw cxcited sLates with the same value of j
:1tt' d('g(,lI,~mt" ill lIlt' limit 0 -t O. As a rOnSCIl"CliCe of this, it can be shown that
all 1Ill' ('vcn-ordered lerms ill the Ilcrtlirbalion series contribute lo £(0) to order O.
Chapter 3. Surface Supcl'concluct,il'ily ill {l I/"JIlog,'n(~III'"SUJI,'rnmdl/dor ~
Thompson (24\ concluded thaL, ~ll1lHlIillK O"l'r all till' II'atlinK krill l'ulll,fihllt.iull~.
tile concet cxpr('~~ioll fOf lilt' slop,> "lumld I... ur 1,h" r"rm
The conceled logafil1llnil~ d('ril'ali\"{~or lh,~ IIIIIW.' rrit.i"J,llidcl ill 1.11<' limit /I -> 11 ;It
lempcral,utc, T, b givcll II)'
r l---.!..- iJlJ{O) I = _ ! iP'\u(k') (iJ{h,\;,))-1 . p,i'1)
o':..·oll{O) iJO 7' :t iJfl nil
Despite the fuel that early cxpl~rilllt'lll~122. 2:11 a]1I)('Hrnl to l'Imlirlll tlU' n'~1I1l /!,;\'I'II
by Eq, (3.72), the result is obviollsly illl'ffor, To llllllt'rslallcl Lhi,~ \V1·,~illlpl.v Jlpply
Eq. (3.72), to a. homogent..'Olls sHpercolHlllclur, witll Llll' hllllllll;n-y nllllliLillll~ /!,il'l,n
hy
....!!~:.,F{X,1')=U, (:I.ir,)
III this case the eigenvalue),' = 1 is l'IlLirl'1.v illlil'lll,lIdl'lIl or til<' waVl' llllllll"'r~, ;>1111
henn' we obtain the result
From Eq. (3.72), this implies that, ill tlll~ ca.~l~ or a IlllmO/!,l'lWlIUS hlilk SllIlIpll" LIIl"
upper critical field wmtld exhihit iLll Hugillai' ,ll'Il('lId,,"n~ witl,
li1ll~~1 -_!0_011 iJO '1' - :L'
fL result that is obviollsly itlcorr~ct.
On the other hand, Thompson's r~slllt, Eq. (:1.7'1),giv':s
. I {Jilll~lI-ff-'O =0,o u ( "f
for a homogencous sample,
(;I,77)
(:1,7H)
(,'/'il/lLr:r :1. S'lIrfil/;e .')f1wm:oHrfllc!ivity ill i1 lIomogencous Superconductor 86
III Lll{~ t:i1se of thin films, tllt~ results obtained from Eq. (3.72) and (:1.74) arc
dosdy ILPI'WXill1'llcd IJy tile l;Orn~~potidillg results obtaincd from tIle Tinkham for-
IIl1d" ~ivl~1J by Ell. (:I..'i;'). For fir? (1/, however, the results ohtaillcd differ sig-
llilkantly. In particular lhc theory of Saillt·JllnlCS !Hellkts thc existence of a CIISP
wlll~!l tlll~ logarithlllir. ,11~riV"tiv.. of tIll' lIpper critical liuld is plotkd as if, fUllCtion
of L1u' l'cdlH'I~11 rnil~lldic lidd h "'" 11~/(1" 'I'll!' valuc or the redlll:cd fidd Ii at which
Ult~ CIiSP appl~ilrN ':(Jrr,~sponl!N 1.0 thc vahw ror whidl tlll~ Illld"lllioll ct'lltcr ilr.(luircs
a 11011 ;wru v"lu(', TilliS, while TllomjlsClII's t<:Slllt exhibits it CllSP as the nllcleation
1:"IIL1~r aC'lllifl"~ a BOIl-zcro value, thl: derivative is zero, ill ohviolls contradiction lo
the Villll'~ or -O.5:H I ohtaincd previollsly by Saint-James. HarJlcr ant! Tinkham [69]
1IIl'lL~1IT(~d IiIllS_o h-¥JI., ror a Ph film and showell Lhat the expcrimcntal (lata IVI're
S'yslt'lllali(~HJly larBer t1IaH Saillt-.Ialllf'S l"t'S\llt aronl1tl lhe cusp point, however, all
tilt' data art' linil,\ and 110 wro slopl' \ViIS rOllnd. As far as wc arc awarf' tliere have
1)('I'n no expl'rimcntal stlldk'S which rCNulvt· the disr.repancy hf'twccn the tll'O results,
an,1 the n'sillt olltaincd by Thompson ilppCilrs to have gOlle liltgcly unl10ticed in the
litt:ratllre. A comparison uf the W..JllCS ohtaillc(! ror tile lims_o hWlI
T
given hy tile
Ililr,'rt~lJ1. authors is pn'St'lltt~1 ill Fig. a.5.
Whih' Thumpson llils correctly idclltil1cd lUI inconsisLency in Saint-James' anal-
ysis, il is lU,vcrthe1t'Ss nol cntirdy d(~ilr that i1lt~ I"(,£ult prescnll'd by Thompson is
,·orn'd. 'j(, Illlllt'rstami this II"~ 11011' lhaL Thompson's r~ult d~PCllds 011 the nucJe-
atiull wull'r, k·, round in lhe pmallcl field case. While Lhe corresponding eigenvalue
''(!UilLioli fur the parallel field CilSP. E(j. (3.17), may be obtaincd by sclting 0 = 0 in
1;;1.1. (:lA4), ii, CHII be n'lldily shown lhat the l"es1l1tant eigenvalue spcctra, e, dilTers
tilialitntivdy. This is Iwst (Icmonstmlu(! if we consider the fad thal, in lhe case of
il parilllt'l lic·ld, 1.1](' "igt'lI\"idlll' spectrum thill one obtains from Eq. (3.17) exhibits
·n.s
-I
SI.Jamcs-
ThullIf'SUll ---
Tinkhwll ••••
2.5I.l
-3 L...__-'--__-L__--'-__-'-__--'
0.'
Figurc :I.!l: Plot of thc !ogariUlIllk ,lt~rivatiVl' limo_I) nhi ~I'I' ;~~ a fllrwLioll ur 1.11('
dimcnsionlcss 11l1lgnclic fiel,! 0 ..') ::: " ::: :J.rJ fur t.JII~ L111~Jri('s "fTill]l!lalll, SainL·.!'urll:>I
and Thompson.
a 1I"II·trivi;d lll'jJl~IIlII~IlI:I' 011 t111~ vOlhw of tIll' WilVI' 1I1l1ll111~r k. ltll:unlril!>t, for tillltP.
f} IJIW "illl ,~ill1l,ly l"<'1I10VI~ tlil~ varillhh· /,; from 1I1" l'igl'llvillue I'ljll;\tioll, Eq. (:lA·I),
lhrull)!,h lhl' trllllSfOl'1l1ilti"lI
::_ :;:'=:::tl.'cotO, (a. in)
Sill!'" Ulis tr;msforilliltiotl II~av".~ tll(~ hOllllllary ClJ1l1litions IllldJanF;,'d, tllis implies
tll .. l till' rl'Sllltant "iwmvahw Sllldl'lllll is eutirdy int!(~IWlld('flt of k. (;1\'('11 tllc
pr,'villlls di.~l'llssioll uf tlte parallel fidd ('<iSI', <11111 ill pllflic1l1ar, tlw r.ritil'ill role
1,layl'd I,y tlll~ waVI~ 1I1111l1ll'r I.' ill ddillillg UIl' lIudeatioll Cl'llt(~r, lhis repr"scllls 1111
illlpur1anL ,lis1illl'l,;1I1i lH't\\'('l~n tlll~ p.~ralld fklll ('i1SP all<l the case of fillitl' O.
Till'S!' n>llsid(~r;lliolls sIlO\\! that. tIll' cllkillation of the Ilpper l'ritiral field for finite
this disLindiun lH'lwl,.'l'1l Llw t'ig"llvalul' s[wdra at fillile 0 ami in till' parallel licid
,'ilS" ll'lIfl~ 10 till' 'f1wstioll of how the n'slIlts of 1.he pi~ralld field case arc rccovercll
ill tilt' limit 0 ...... U. It is reasoll1l1l1,' to SlippOSI', ilUt! I\'C will show explicitly, 1hat
1.11l· minimulIl dgl'nvldlll' €(O) approildl'~S €il' tlw villue (}btaim~d ill the pamllc1 fidd
(";IS'" in tlu~ limil. 0 ...... n. 1I0w('v['r, this is by llO mcans self-evident. Moreover,
l'\"~ll if till' limiting "il;l~lIvallle limo_u e'(O) i1grces with thc correspolilling eigellwduc
uhtllilJl'd (IJr thl~ parallclfiuld l~lllK', it is ohviollS 1hat the eigellvaluc spectrum, defined
11)' Ell. (:I.'H) togdhcr willi tile hOlJllllary conditions Eq, (:lAS), will exhibit non-
((ullly!.i,· Ill~h;I\'ior in the limit 0 _ u.
This IltllHlllalytit- Iwha\'ior is eXilmined in more delail in Appelldix B, In this
appellilix, IV" shuw hilI\' lhe limit may b,~ ~aken ililatytically by introducing all ad-
llitiollalll'tlll, fl :"1, ill the eigeu\'1lhw ('qlliltion, Eq, (:1.44), The limit 0 -. 0 is Lhcn
iUl'l'stip;ah'd 1\1111 thl' 1I01H\llalytil~1l1 charadeI' of the limit 0 -+ 0 examined. How-
<'\'l'r, Wl~ will slil1\v this lIoll·analyticlll behavior of the eigenvalue spectrum € ill the
t:ilSl'li of finit.e 0 1111d 0 = U explicitly by pcrforming a 111l11Jcrical calculation in ncxt
~('ctiOll.
3.5 Eigenvalue Problem for the Tilted Field
\Vc have shown how prc\'i(lll~ work 011 thi~ I.upit" hil~ h('l'1I n'~hid,',l I.u "it,lwr thin
ml1l~ 120J or 1.0 tIlt' lilllil.illg ,'11~I' tlf 0 -0 OJ::!l, :!.Ij, lul,his ~c'l'tillll \\',' will 1""':;C·lII.
IIllltH'l'ical calcillatious for lilt' illlp;lliar rolllp,c' II < () < Toj'!. f"r 11ll' c'ntin' r;'II.c." of
I.hickllcsscs.
III order I.oobl.ain 1.111' cig"llVilllll' from t.l11' pnrlial dilfc'l'\'lllial c"lllatioll, Eq. (:l.r,~),
we cxpand the order parameter ill tl~rrl1S of it COl1lpldl~H"1. of ,'ip,l'l1fIlIlI'LillIlH m;
where the eigenfunction /i(;r:) si~1.isli(·s tll1~ W"I"'r t~tlllat.illll, I-;CI. (:1.1 !Jl,
. ['f" 1L",IiCr.)= --,~+x f"OS () !i(:I:) =>'ilA.r.) ,f:r.
subjecl. to
if; f;lxll = I),
,nd:"
Hnd the eigcnfunclion y",(.::) satisfies
. [,("" 1£:9,1\('::) = -J;;i +.:: SIll 0 .'/11\('::) ='I", .11",(.::),
suhjcct to
:~~!.,!J",('::)= u.
The orthogonality of t.hc cigenrlll1ctiolis is cX[lfcssed as
E.dxb,(x)h;(:r:)
1:,""",1,)"",,(,)
(:1..1/,0)
p.XI)
Substituling thc cxpansioll of tht~ cmler I'I,ral1l(:lc~r i1ll0 tlll~ d~t'"Villlll~ '~qllilti,,",
E(l. (3.58), yields
Cltilpt,'!r:t .'iurfilCl; ,','uw:rcrJ/JdIlCL;vity iJl fI lI()fnogclltxJlJ.~Superconductur 90
{. . . .}L:A,,,j -ii7i-;);i+[I..'-:r.C:(J:;O+::~lIlW h(.r.)y",(.::)
€.LA,,,jh(:r.)y,,,{::), (a,87)
will:,,', fur l:ctllVl:lIi,:t1n:, W(~ !lave' ahsurbed lllC~ ,:usO dcpr:ndctlcc ill k.
Mlllliplyilig Eq. (;UH) willi f;{.r.)g,,(::) lltl{1 illtt'grating with r~pl~clLo x and z,
"'~., A:"A", j.lx,fo M'I,q",lolil", olf;(xly"lol [E IA,,,,I,r
"'~J A;", A", (j,,,,li(k)li,u) [E IA",;I,r (3.88)
wlll'n: we h,\Vc ill1.rC!dlll:(~(1 lhe noLilLioll li,m) == h(;t)g",(z). TIle rlcrivation of tllc
IIlaLri:.: n']lI'<'SI'lltaLioll flf tlw tlilre'rl'lltial operator, i, i~ givrm in Appcndi:.: B. Tlwrc
iL i~ ~IIlJwll that
U,III[C(k)[i,u) La" d.r.i: rl:: h(X)Ym(::) Cf;(xl!f,,(::)
[Aj + 'I", + k~] /jij 0"", - ""sin 0 cos O.l';j Z"U,
+ kl'\'ijO"ltl~-Z",,,Cij~, (a.80)
IVII/'r/' 1.111" IlUlI.ri:.: 1'1t'1Hl'l1L~ .l';j il1ll1 Z",,, arc givclI Ly
Z",,,
wlll'rc Mln,b,::} is tllt'l\ullIl1U'r fll11CLion 170j and Aj = (2/lj + l)cosO.
III order to ohtain tIll' minimllm t'i!l.,'nvilllll', 11"" TI',!uin'
,\
lI" ..\~..) e(k) "" (I,
whidl yields till' sCl"ular ('(lll,llion
This sL~lIlar "tllialitlll pl'uvid,'s a I,asis for LlI,' CUlllpll1.il1,io1l of ll1<' Illillilllllnl,'iAl'n·
value for given lIlagnetic lidd //, illl!;l!' II ,111.1 SillHplp 1,llil·kllPss. lluII'PI'N, 1\'" 11"1..'
that lim magnetic lield illtd til(' pltySit'id tltirkllt'sS uf t,llt~ s;lltll'l." Ilt~not.,',l lIy u..
do 110t cntcr thc calr.ullltio11 of I.llt~ "ilil~tlVHh1" illd"!"~lld"nLly. '1'1", ,'iA"Il\',l!lll' is
,ld'~l'mill\~d hy a, dime11sinnh·ss qlliltlti1.y .1"lill".1 Ily
(:I.!Hi)
In Pig. 3.G(a) and (h), we sllOw tlw millilllllll\ eiA'~lIvalll(~ ul,taill",1 ror 1.\1'1' villlu's
of thcdfeclive thickncss ilS it fUIlr:lioll (>f1.It.~ n'dlll"',1 W;lVl~ (lllllllH'I' k fur () "" I" ;lllli
t.he ca~e of finil(' 0, the minimlllll (~ili!'llvalll'~ is, wililill til., tlltrlll'ril:al pn,,.isilHl of
the calculation, c11tirely ill'!cIJI'wh,nt of llt,~ WilVI' 1lI1t1l11l~r l'. It is ,llsil wurth lIul,illA
tll1\t in order to obtain sllrfki'~llt aC(:lIr;u:y it W,lS 1II"','ssilry ttl indn,l" ill "~""ss of
1,000 tertns in the expansion for ;:(:1:,;;), I\s a cOllllmrislJll, a l:llrV(~ n,kulil!.I,,1 Ily
including 100 lerms in UIC cxpansioll for .1"(:r.,z) is plou.(~d in FiJ.;. :l.f;(a) ,llId (I.),
III Fig, :1,7 we show a [)101 of lite lIliniltlllm (~iW'lIVilllJ(~ ilS a flindiull of aJlAIt~ ()
for the values of rcducc{lthickllcss S!tOWll in Fig. :UJ. TIt.~ minimlllll ,:ili"IIVidll" for
Lhc corrcspondillg lliLralld lid(] r.il~(~ is alsu iudllrll:r1 alit] WI: s..., thaI" .h~sllil,~ I.ll'~
qualilalive differences helWL,(!1l lIte' l:llrVj~S (jr t(k) fur llJl~ 1.1ll~ [Jaratld Ii ..],! n~'w ill)!1
the finile 0 case, Lite minillllllll dgl:llV;lhw JlI~VI~l"1.IH~k~s al'J>j~ars to mal' ,:,mtirllltJllsly
to the valuc found in parallel field case lIS a fUlldiun of O.
p,,.\ld-
IIW1"it""",·.."ldq;.---
llMlldt",,"''''''·ld.~ •.•
ll"""I"""('I<.2""I:<'·
,(kl
(v): It = 2.09.')
ro~ld­
IUloit.,,'1.1.. 1o.ll.'j:. ---
IO(lh;&."'t.\.. l~--­
1l~~ld&.n-".1•• 2.r¥- ..
f(k)
1"ip,IlTl' :l.ti: I'luts showing till' ~'-ill{II'lwm]('lICI~of e(k) for 0 =1= 0 and k-dcllcndcllce
fDr fl == U, Tt'SIH'd.i"dy. Two valul's of rl,duccd field Ii = 1.095 ;n (a) find It = 2.095
ill (II) m'!' dillst'll. CU1've (paralld) show~ the k-dcplmdcllce of e(k) ill parallel field
cast', Cur\'(' (IOO cigenstalt·s [0) sholl's the artificial ~'-llcpctldellCC for 0 = 1° by
il1('llldill~ 100 eigellstates ;11 1l11llwrit':l1l calculation. The other two curv<'S show life
~'-illdt'pt'IHh'llr('of e(k) by including 1,000 CigCllstilLl."S in numerical calculation for
/I = I" and 2", rt,spt·rt;vt'ly.
,·(0)
/~;//./
U.6," ...... •
Figure 3.7: Angular dcp~lJ(lcllCeof llH~ t~i,l!;I~IIVi\ItW for h = l.fI!l!i 1llld It = :l,lI!Jr,. 'J'lit,
eigenvalue £(0) is ohtailled rrum the t:akilialiull rur Un, IJI,rall,·1 li.,I,l n~~".
:Uj Angulllr Dependence or the Upper Critical Field 11(0)
,[SZ.h(OJe[h(O),O]j + 111(/,) = 0,
'(l~ I.
(:l.!.Ii)
wlll'!""l = 'I,/,/~ ,I"IH!~'~~ ~11l' n"ItIl:I·d klll]ll'raturI' (0 :5 t $. I) ;lIld 'I~ is the transilion
l"IIII'"ral1u'" IIftl", SIl]II,I..."wlud,.'r ilt ZI'ro IWlll;lwtic HeI.!. It is rl'iI,lily :<ccu thal
I.h., rllil 1L1I,l!;1I1ar ,I"pl'lllleIlCI! uf til!' l'elllll'"d f.ritical Illilgudk tidd 11(0) at fixed
"(O)e[h(O),O]::: cOlI.d.
lIud tllis t:OllStlLllt mill' he c<llculated from Ull~ cigl'lIv<llllc found al 0 =0
h(O)e[h(O),O] = 1i(0) e[h(O),O = 0].
('.OS)
(3.9!))
1\ sl'1f.cOllsisll·nt ('(plilt.ioll ddl'rllliuillg tlw n,dlll;l,d l1ngular dependclltllppcr aitical
lidd is givI'1\ hy
1.(0) H(O) ,[1.(0).0 =01
11(11)= 1/(0)::: e[O,h(O)~]' (".100)
wll<'rl' h(U) Imy Ill' sil'eu hy llw l'xp"rinll'lltal dMa 1/11 = /1(0) aud thicklll~S lie of
1I11' sllmpl" 1111,1 llll' .!igClIv'lhll! efO, h(ll)] i~ fldennillcd by
e[h(O),O]=*,. 1".101)
Till! llullwriral results uf 1/(0)/11(0) corrCllI}Ondinp; to several values of the reduced
pur,lUt'l lie1d, 11(0) ::: "II' arc ]lrc~eIlLcd ill Figs. 3.8 amI 3,9, For "II = 0.49he we see
frum Fig. :I.ti(a) l.hal tlw Hllg11lar dt']lelldellr.t~ of the crilkallicld is wcllllpproximatcd
hy 'l'illkhall1'sex)lrl'ssion, Eq. (:1.55). lIoll"cver for II. = I.05h c we st..'C lhat the angular
II\']lt~lld"lweof the upper critical fit,It!, showll in Fig, 3.8{b), deviates sigllificantly
!i.l!J.
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Figure :1.8: Plut of I/(OJ/II{O) vs. 0 rOI" II := !l.X ill (ll) HlI,1 h = 1.7 ill (h). 'J'lu~ .~"li,1
!inc slloIVs the: n:sult rrotll L1ll' sIM-I~"IISistl'IIL "qual,it'li. Tllt~ ,liL'iIIt~rllirw is "UIlII'IILt~,1
using Tinkham's rorlll11la. Fig. (a) shows till' lhill filill bdlilvi"r of 1/(0). ViI!,. (1,)
shows Lhc deviation or 1/(0) frUlI) Tillklmlll's I.ll,:ory fIJI' a 1"rAt:r lhjt~krlt'ss.
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Fil;llrl' :J.!l; Plot of 11(0)/1/(0) VS. 0 for It = 2.2 in (a) and Ii = 3.5 in (b). In Fig.
(a). for a thickt'r lil1n, a kllf'C appearing at a s1l1all angle (0 "" 5") shows a transition
frum Jiell1i-infillitt~ to finite-thickness lll'lia\'ior. Fig. (b) sho\\'s that for It = 3.5, the
ll1111Wrieal rI'Jinlls llilTer signifkanlly from those of Tinkham for all O.
from Tinkh<lll1'S rlll'l'l', pilrlkllllll'ly \'IIlSl' til 0 = 11, II"Ill'n' 111l' slup.· is dusl' I" ZI'W,
In('f(,II~il1g llll' rlfrcli\'., Ih·ld h",I'<JlIll 11,. lu iI I'alll" "f 1.:11;/' .. , w,' s,',' ill Fip" :UI(;,j,
tlmt of 1/(0) agaill acquir,'s il lillil., sl"lll' fOI" IJ =0 whirh is ,.Jus,' 1" ! II<' n'l'l"l'sl",nc!·
ing val,1<' gin'l) h~' lilt' Tinkham fnl"nlilla. 11011'1'\"'1' lIlt' .lisil,l:,.r""Illl'II! 1"'111""'11 111,·
Tinkham's fOrllllll1l a1ll1 till' 1'l'SilIts of tlU' pn'S"lIl wurk l",n>l1ll' 'lion' l'wnunn.·...1
with illcr"llsillg 0, As !III is illl·f('ilS.·.1 .rt'!, fllrLlw1" Lu ,I I',lhw ur :!.lliJ"., shuwn in
Fig, :l.!l(h), tIll' slup" aL 0 = U [illls 1ll'low tIll' \';,!Il<' p,il""ll 1',1' 1.Ill' Tinklllllll\ 1'01"'
mula, Il0w,'wl" tIll' sloll\' of tIlt' nll"\"1' llhtaill\'d fmlll tIll' pr't's"lIt WU1'k inrn';,s,'S "11'[
lit .. CIlI'I'('S ('ross at it \';\Inc of around 11;0 and tIll' ,'II[rllllll"d Vllhll' tllt'll li,'s ;,1",,'"
Lhc value ohLaillt'd hy Tillklll111l'S fOl'ltHllJl. III ..nl,'1' L" 1l1"It'rsl"II,1 tllis ,liIIU'llsi"Il;,1
('russo\','r pn~,li("t('\1 by 0111' tlll'ofl'linr! calntlaLion ill 1.I1t' tl,;"k lilm '·;lS". W,' 1)('1'1'''1'11\
11 separate calc"l"tiol\ for tIll' s'~l1li-illlillil(' ~'''"Il('try liS" limit of" I,hi"k liIllI.
3,6.1 1/(0) for the Semi-Infinite Geometry
The s(,llli-innllitl"g"Olt1t'lry is SllOWll ill Fi,!!,. :1.10.
Figure :1.10: S,'ll1i-lnfillit" liulk S'lp,~rt:OIl(ltld"r.
The rorm or the secular Cfl'latioll, Eq. (:l.!l;;), us,·,1 ill tllis ,:;d':lllati,," wlllilill~ 1111'
changed, However, tlt~ matrix d .. t1Il~lIt Xi) is n~(:aklll;\t,~,1 ,:"rr"sllfl11dill~ I... tll'~
Cltilplf:r :1. 8I1r(.11;') .':J·!lflf~rl:U/l(IIIt:Livjly in ,1 1/(J/lJC)genc()II.~ 81lpcrc(mauctor 98
,:h""~l~ uf till: IIulIlldary flJIII!itioli. All ILppropriate set of cigenfuncliolls correspond.
ill~ 11> tile ulIJdified Ilo111lllary cowlitions impose,l Oil lim order p;Jramelcr may be
dWSlm I.y suI viliS the Wclwr equatioll
subj, ..:t tu Ult~ lJolllldary nmditions
dUX)1 = U, !j(x)lr_"", = O.(!:J; r=(l
(3.102)
(3.10:))
Il is illlilledinlcly SL'CII that tlw following cOnl[)lcte set of the normalized eigenfullc-
liuliS
1V11l~rc I/~I dl~llull~ the I~VI:11 order Ilcrmite polynomial, and
>"j=[2(21)+I]cosO; 1=0,1,2,,,
(3.104)
(3.105)
satisfy !loth th(~ WdJcr cquation and the boundary conditions. The Ilormalization
I:OllSlalll is ddcrrnincd hy
(3.106)
The dgcnvill\lc >'j of thc scl of bilsis functions describing the ;I; dependence of the
onll'r 11Ilr.tl1lcll~r is a fUlldioll of 0 and indellendent of the magnit.ude of the applied
magnetic licld /I. Lnbeling >"j by 21 so that h(;I;) = 121(;1;), it is straightforward to
calculate lhc matrix clcment XI/'
(3.107)
A nllllll'ril'ill "ilkllliitioll of the minimum eigcnvalue e(O), similar to the calculalion
fur the finite samplc, gencralcs the full angular dependencc of the upper critical field
1/(0) givclI by
(3.108)
ellal'ter 3. Surface Supercolldur.t;\,jty iu il /ftI/lIO.!:'I·/It'tltl,; ."·lIpl'rrom/lldof !I!I
where ,,(0) = 0.59010 is th.~ (,lgl'll\'ilhlt' uhtaltll'tl ill SI'I'I,IUli :U.l, Rlid first ~l\'l'n
by Saint-.lnl1lcs [GG] ill rOllsidl'ring thl' sudan' Sllp'·lTllndud.ivlly f"I' il sl·lIli·illlillilc-
bulk sllpercollliudor.
We can qualitatively 1ll111crstllnd thp l·lIrv.~ SItO\\'II in Fi,ll;. :l.!l(h) if II'!' i'lllllpart'
it with the corresponditlg curve ohtaillc'l,l for tIll' ~,'mi-inlillil.(' '·'IS" 11 .. /(,,, __ 00. In
Fig. 3.11 the {lepC~l1delln~ of f/(Ol/IIII on O. ohtailll'd frulil till' pl'I'~l'llt nlh-ulation,
for both the llemi infinite r;ll.~e ami tIll' cusP"1I = 2.llib .. ilrt' pn's"lIl.,',I. W(' IUlt" th.!l
t.he value of 11(0)/1111 is close to tlll~ cnrrcSpUI1111llg vall1l' for till' sl·mi-illlillil." I"'S"
for small values of 0 but deviatl's significantly for high"r v1l11l($ lIr IJ. This snAA"sts
that we cau attrihute the abrupt increase ill the slupc llmt "Pln'm'S in lilt' I:IlrVI' fur
h = 2.IGhc at around 100 as arising fruill ernSSOVI'r fWIlI 11 d"millalll singl(~ ~llrf;,,'('
effect to a size effect (douhle·~llrracc drl~d).
In Fig. 3.11, we also show tlw (l(lPCI1tII~lll'l' uf //(0)/1/11 011 0 <I1,1,.~illl~.1 frOll1 L11l'
calculation by Yamafl1ji ct 11,1. for tll(~ s(~l11i-illlillite nISl~. Wltill~ LIIl~ lwo rt'llults II~l"I'"
for small values of 0, thc cnrves tlilrcr sigllilirllll11y for lar,!;I'r val liPS of o.
A summary of the results ohtllincl! hy tile prcst~lIl calculatioll is ~iv"11 ill Fil-\. :1.12.
The results are normalized with rCSIIIlct to 1/.1. ttl .~Ii()W tlte sysll~lIlatie varial.iul1 with
rCllJlcct to the reduced field.
In comparing the results for the filII angll1ar IIC~P(~llllc~IIl:(lUf llll~ llpp(~r all.il:allid,l,
we note that while tIle rcsult ohtailwd hy Yalllilr1lji d ill. fur 11lc"I(~mtdy Lhi(:k lilms
[541, falls above the curve ohtailled from Til1kllltl11's illll~rp"];Ltiun rOrll11lla, lhe 1·1:.~..11.
obtaincd ror the semi-infinite geometry Ir,r,j fall.~ lId"w. YilllIafuji !IllS ar~II(~.1 I.lHIL
his results are cOl1sbtenl willi certain eXllcrilllenlal sl.\ldi(~ (711, lUl,1 indc~~.ll111~ lall1l'
rcsulLs of Harper alld Tinkham {uBI show Illcasuremcnts or /I VS. 0, whic:J1 f;llIl~iLlwr
consistently above or below the tlicorc:tif.1I1 curvc giVIlll l.y l~q. (:I.r,:;), flc:p(~JI(lillJ; un
the film thickncss. It is neverthelcss dillknll lo SCI~ how till! l:xl)(~rilllcmtal <I"l'l (:111I
G/lIlph!r:t .'i!lrf;tf;f~ .'il/lmrr:fJ/lrllJ(:tivi~yill il !-!OllWgClwous S'!lpcrcollrluc~or 100
0.'~1/(0)
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Figure 3.11: 1/(0)/1/(0) ror II thick film is compared with t!lal ror the scmi-infinite
gL'ol1wtry. Yamllfuji's curve is also presented as a comparison. The knee at 0 = 10"
in tlw thick liIm ellr\'c clearly indicates a dimensional crossovcr from single surface
drl'et to dIJuhl(' s\lffllCl~dT('Cl.
Cllapter 3. Surface SUjJcrcOIJ(II1c1ivil.,l" in a 11(lIlll>g('IH'(II1,~ SItI"'''''OllrlUl"Ior' III I
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F'igure 3.12: 11(0)/Hi calculateJ ror various vallics or llll~ rcdlle:t~(llidd It = n.'1!JItr..
I.05hc, (c) 1.36he and (<I) 2.IGlie, lo~cth(:r with the result ubLailled rur lilt:
semi-infinite geometry.
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.l\ivc'lI tll1ll 1I1l' lJUlllldary I:Olll!ilioll IlSI!c1 ill tllC' vilrialiollid procedure hy Ymnafuji
d al. (fl:.1 is illacll~qllatc', WI' rnll.~t condude that t.he degree of agreement betwccn
Whilc~ thl' fl!SlIlts I;lllltilil"~11 in tIll' prl~scl1t work exhihit many of the features
ul,sl,rvc~c1 ill 1I1l~ l~lqJ(!dl11l'lItal studil::>, a 11I11l11titlltiv~ c011lp/lrisotl is (lillir.lIlt (Iue in
IlIIrt to tlw laek or pwdsc, sy.~t(!lIliltk studil!S or the 'l1lglllar dependence of the
upl",r cTil.kal fidd or sllpcrcolllllictillg films. Part or the motivittioll in prescilting
Lhc~ l"l'sillts or these ealculiltions is to point out the discfCllancies that exist in tile
I'xistillg I'Xlwrill1l'ut'll alld theoretiCll1 work <Lud to illustrate the need ror further
illvcstigiltiotl ill this Ilfl'iL.
:t7 1/(0) ill the Limit 0 ..... 0
WI' havc~ illvesti~ated the fulllltl~u[arIlcpeullenceor the upper ct'itical fielll for several
slLulple thicklll~se!! rangillg from thin mlll, h{O) = 0.8, to thick film, 11(0) = a.5, as
wi'll WI fOl' the Mlunplc with iufinite IClIgtil scale. It is rotltlll, from the results and
dillclIssionli pfl~t'ntecl ill previous sections, that the small-angle behavior of 11(0)
lIIl(II'r~o('s all illtriguing dimensional crossover bd\\'ecll a single sllrface 21fect and a.
sizc' (,IfI'd It!! the sall1plc~ thicklJ(~~s is increasel!. Therefore, in this section, we will
study the slll1lll'lLngle Ih~IW1J(lellce of 11(0) ill marc (Ietail ill lhe range 0.5 $; h(O):=;
1.1 ;tIlIl ('o1llpaf(~ our 1lI11llCl'ical results with the theoretical work of previous authors.
Using LlIl' SI~r.lllllr l'llllation, Ell. (:1.95), it is possible to cstimate the derivative
limo_n fii, lIud !LellCl' calculate the logl\rithmic derivative of the upper critical field
as il flilldion or uuglt' at fixed temperature by means of thc e(luatioll
-,-iJIIIO)1 =_'!::.[,. '~l-'1J80
T
aOA+'ah' (3.109)
CIla.ptcr 3, SlIrfa.ce SlIpercolldud,;lfily iu " 1/01JJ()g(,llf'(lI'~ Superrulldudor U1:1
In onler to evaluate th{~ eXpl't'ssioll ror TI~I'r p;h'I'll in EI]. (:1.1lI!l) I.lll~ lIIiuillllllll
eigcnvalue t·(O) wn.~ clllculllh'tl ror 0 = U.2~ [,0 ]0 ill int.t'l"\'illH \If 1I.2°, rur ,I liXt,tl
obtail1Ctl rrolll the pamllclfil']d I'HS(', \\'l·rt' rll1llhillt'd ,lwlliUI'c1 wit.h HI1 iULI'1'[I,,'at.;Il~
rundioll in the range 0° lo ]" IIsinp; ("lIhk Sp\illl~ liL 'l'hl~ 11t'l"il'at;I'I' lilllo~ui/,;'lilll
was then extracted frolll lhr. illlcrpolatinp: rundioll. 1':slimiltillJ:; LIlt' ,!l'riv'I!,il·t, iu
this way assumes that the n~IlIL of till' p,H;llld HI'ltll·Hit'ulal.iulI mails rOlll.illllllllsly
to the result oblaint."I:1 ror finite 0 0111(1 1"l~(I\lires that tIlt' l~ip;en\'ahlt's Ill' l'aklllab'd
with sufficient precision. Both I.hl~SI~ (ontlitiol\s appear til bt~ satislil~" ill till' Im"~'~llt
t:alclilaliou,
However, over n narrow range of thr. redllcl'd Iidll, IJill < It < 1.7fi, llw valtw
of the slope estimated hy usillg cubit: splille fit from (Ull' Illlml~ri,~al1y t:aklll'ILI~11
eigenvalues deviates ~lighLly from ThoIllIJSOU'S result ilS ~huwli ill Fig. :1.1;1. Tllis Itl'~.v
be attributed to the fact t1l1lt the cn1cnlatl'd illlglliar delJ(~lltlt:lll".t~ or tIle I~il;lmvahw
canllot be i~Jeqllatdy represl!nted by its Vallll! at a (I isert'll' sd or puints, ill t1w
domain 0° _ 1° for this particular range uf rl:tltlt:I~(1 Iide!. Frulll this gl'ilph it is
seen that, except for the 1"iIugc 1.!J9 < It < 1.7(i, L1w lIullwrieally l~aklllate,l sl11[l"
agrees very closely with the result oht;~illt~tl by meaus ur TlwlllPSOIl'S r(Jnlluli~ l-\ivt~1I
by Eq, (3.74). While this means that Wt~ im: llllahll~ to r:ollfirm the Thllllll'~OIl'S
eX]lfcssion within this region, it suggests that Lhe limit !illlo~()i)IJI;)OI'f" Itlay llUI.
be a particularly nsdul lllean~ of c1laflldl~rizillg the tlPIj(~r uitkal lid,1 fur 0 :::::: U,
anJ JifGcull to Jetermine eXI)eriml~lltallyin tllis filllgC or l,t~dllt:I~r1 lid,1. III Lhe thi.;k
film limit, the semi-infilliLc gl~ollldry, Lhe vahw of logarithmit: tlerivalivn or till'
upper critical field ill the limit 0 ..... OohtailH!'t1 from variUll~ thetJries are prt~~I~lIted
in Tablc 3.1.
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-0.5
-1
-1.5
-2
-25
0.6 0.8
Thompson -
Spline Fit •
1.2 1.4 1.6 1.8 2.2
I·'igllre ;1.1:1: A plot showillg lhe ca1culahxl value of the limiting slope lim8_o ir ~IT
<IS a flltldioll of the reduced fidd Ii, Logethcr with the result gillen lly Eq. (3.'74), The
,'al,:nlat,\d vallll's of th,! limiting slope are olltained from a cubic spline interpolation of
tlu~ minimum energy eigellvalue~· in the range 0° < 0 < ]0,
Author
Tinkham
Saint-.Jallle~
Yamafuji
Thompson
Prcscnt work
241 -1.:mUIl
,1.~!W:1
Table 3.1: Valucs of logarithmic dcrivatiw of till' nplwr nitic'allidll in tlw limit
0 ...... 0 for a semi-infinite geometry.
In the precccling discussion we hal") drawn au,~nLion to thn fad that tJl<'n~ I'xisl.,
within the existing literature, st~vIJral tlistind iltHl ll11ltnally l'xdnsiw 1.luourl·Lintl
predictio1ls for holll lhe slope lill16_n h quiT anti thtl fllll ;\1I1;1I1,u' dI'IU'lltlc~lln~ ur lilt'
IIPI,er critical field of ,I planar ~ulwl"(;ondlictiligfilm. W.. h.wc shown tll what I';t;Lt'lIt
Lhe results or the present ca[C\lII~tioll i~rc COllsistcllL with prtJviolis IVtJrk and wherc~
there exbt differenccs, TIle Illll'l'ltioll then ariSt·s as to what IIlt~itSlln·rtH'lIts wllllitl
allow one Lo distinguish between the variotls Ulcordil~itl rtlsilits iLnd what nJlldnsiolis
one can draw rrOlll exisLing cXllcrilllclltal data.
If we first considcr Lite limiting slope lin~_l1h quI1" lIwlI iL is illll'urL.IIIL 1.0
now that the results givcn by Eq~. (a.72) anll (:1.74), anti disl:llssetl ill LIItJ I'rc~ViOllS
sections, reduce to Lhe Tinkhalll'~ result, 8l[. (:t55), ill till! thin film limit.1 ¢: <IIII'
In the other limit a ;$> <JIll lhe rc~~tllts givcn Ily EllS. (:1.72) ami (:1.7-1) do dirftlr
somewhat hom the vaille given by Tillkllalll's intllrp"latiun formula, It{jwf~Vt:r tlte
difference uetweell tlte rcsults givclI hy EllS. (:I.72) l~nll (:1.74) im: sm;~11 and ltIip;lll
nol provide a practical means of distinguishing (JxpfJrillll:ntally IJdwt~:n Lite illt"nli~tt:
expressions. The differcncc bctwl!Cn tllc altcrnatt: fJxl'rt~ssitJIIS giVt~11 fly Eqs. (:1.72)
and (3.7-1) is most marked for films of illlfJrtrtedilltc Lllickness. Muwovt:r it is in
this domain that thc most notablc Ilistinctioll hdwf:cn tile CXI)rt~..silJlJ flbtained from
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Tinkli<tm's illtl~rl'0latiull flll"lllllla, I~q. (a,!).')), <tlld Eq~, (:1.72) and (:l.7/j) occurs,
spi~r,ifil:idly l,lll~ Prl:s(~W:C (If 111t~ t;II~I) ~II(JWH in Fig. (3.1:1) for 11 11 :: /i- = 1.62, It is
tlwmforc sigllificl1.nttlli~t, wllilc hath the expression givcn by Thompson, Eq. (3.7/j),
1111([ tll1lt of Saint-Jamcs, Eel. (:1.72), predict the existence of a cusp at h = h",
TholIlPSUI1 prcflid.,~ that tIll: vallie of the slope at the CllSP is zero whilc Saint·Jamcs
[21) results yidtl il valnc~ of -0.1')31\ I.
dt'Ill'\' uf tIlt) IIPI>cr critici\llidd of a ~lIl)f~rf;Onfluding fi[m have been published, their
intc:T!>rdalion ill the ligllt of the preceding Iliscussioll is somewhat prohlematical. III
particular, early expcrimental work (23, 71, 721 appears to he in good quantitative
agreement with the expression given by Eq. (3.72). However later, more detailed,
c'xlwrilllental st\l{lies by IIllrper allli Tinkham [691 appear to indicate that, while the
III~il1'ith11lit: tlc~riv;ltivt1 of the IIpper rritical field in the limit 0 _ 0 is finite at the
C'IISP, it~ villll(~ is Ilcvc~rthdcs~ lower than that prc(]ictcd by Et"). (3.72).
A pO!l~ihle cxpbumtioll for theM: diKI:rcpancies not only betwccn theory and cx-
IICrilllCllt, hilt also uctwecn different experiments, may be aLlributed to the fact that,
UVl~r a mllgt: of v,tllle!l of the reduced liell], in the vicinity of the cusp, the limiting
~Iupe limo_u(Jllj(J0b, sctVt:!i to characterize thc angular del)elldellce of the upper
nitic:111 fldd only ;n a vI'ry Harrow domaiu close to 0 = O. This implies that, in ~his
Ti'gion at Icast, the pr('cise experimental determination of the slopc 8Hj80 will be
Iirnitc<1 by the angular resolution of the measurements, This Illay be demonstrated
c~xplicitly if we define all effective slope ."IS
-'-Qllf _H(M) - H(O)
II BOlT - 11(0)60 . (3.110)
Thl! dfedi\'e ~lopc is plotted for various values of 60 in Pig. 3,14. We note that,
while the c1fcctive slope exhibits a wcll dcflned maximum as distinct from a cusp,
the vahw of thl~ logarithmic derivative at the maximum docs not go to zero, hut
::- .. ':" .
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Figure 3.14: A plot of the clfcclivc ~Iopc ddillClillly Ell. {:I. I Ill) for (a) I:!.() = I"
anu (4) AO = 5" ill comparilSoll with '1'!Iompson's ... ,sult (I) (ro!ll Ell. (:1.7<1) alld
Saint·James' rcsull (2) (rom Ell. (:J.72).
ill~LI~ad exhi!Jil~ a rillitl~ value who~(~ magnitude im:reilses as 60 inr.re<mcs. This
rlo~~il.l{~ l~xpliLlliL1.inn uf tile di~r:fI*illlcy between cXlwriment ilnd tllCf)ry is consistent
witli tllC~ fact that Llll~ angular re~ollitioll in 11arper and Tinkham's experiments {G9]
i~ grellLI~r than that in lluJ cilrlicr work uf Burger et al. [711 and that ooHscquclltly
tlu~ v;dw' of the ~lupI~ at the (:1151' is smaller.
3.8 Conclusions
We Imve presented a calculation of the full angular dependence of the upper critical
fidd IIsiug the de Gellllcs-Wcrthamcr formalism, thal is valil[ for both thin and
tlikk films and includes the (.llSC of the semi-infinite geometry. It is also va[i<[ for
1111 Iwgl,'s 0 < 0 < 1f/2. Th.~ rt::mltllnt Clll·V(~S fur several value,<; of the reduced field
"arl~ shown in F'ig. :I.J2.
[t is sllOlvll that while the ullllerlyillg eigenvalue problem differs qualitatively
frum that posed by lhe parallel field calculation, we ncvertheless rccover the upl>cr
niticitl field for the parallel field case ill the limil 0 -> o. The numerical results for
th(' ~l()pe lirns_o fJ fJHlT arc consistenl with the expression oMained by Thompson
1211]. Tllis predicts that thc <lcpclIIlellcc of the slopc lillltt_ o 1; fJHlT Oll the rcduced
lhi..k1less II will exhibit a 1:1ISP al 11 = h· = J,62 with limo_o -b ~IT = O. This
f('~ull contradicts the carlier WOl'k of Saint-,Jamcs [2l] .
Whih~ 1~)(i~til1g l~xperil1lcntal studies indicale the presence or the cusp predicted
by Tllo11lp~on [2/!] and Saint-Jmlll~ [2Ij, the observed slope remains finite [69], in
ruutradidioll with the rl!sult obtained by TholllJlson [24J. In the I>l"Cscllt work il is
shown tlwt fur 11 ::::: ,," the precisc experimcntal determiuation of the slope, 1J ¥tfI
T
•
llt 0 = U will In: limited by the angular resolution of the measuremenls. It is
suggested tlmt this may account for th ... appal'clIt discrepancy, atlU1110re careful and
syshmmtic ('Xilerirnental studies arc required in order to distinguish between the
varions lIlL'oreticlll Il ..~~di("tioll~. lu par1.irnl;H, it is illlporlaul. I" t'sjabli~h 11'110'1,1",1'
the maximum valul1 of tilt' dcl'i\'ativt, lilllj/_u-IT ~I.I' i" 1'.,'1'0 n" pn',!il'h',1.
A comparison with previuus thl"<.ln·Lil'1l1 I\'urk i~ )!,i\'t'll ilu,l it is ~hllWH I.hill, 1.Ito'
results obtained for the full angular th·pl'lld..tll't· art~ ill ~<lllli ;1~n"'I\l"lIl. with l.h,,~,'
of Tinkham for thiu films and, for small all,1.;I.·s. arc' in /;oml qllalilalh'., i1p,I'I"'llll'1I1
witll Yamafllji d a1. in the I:ast~ of l.he ""mi-infillik ,l!,"lIl1ldr)'.
Finally wc note tlillt much of this work was IlIllli\'i1I...d hy ollr int"n'St ill till'
corresponding problcm ill the sl1lll~rlalli"l~gelll1ll'lry. \Nhih· lilt' snppl"l;lttin' ~''''III·
elry reprcsents a morc tcchllically diflicliit I'rolJh~m witli 11 1l1lH~h widl~r nlll).\" or
phenomena than the case of the sllpcrcolHlllctil1g lilm, many of tIl(' prohh'lIls llial
manifest themselves in the snpcrlaLLicc lind II similar connterpar'l, in 1.lLt~ .~nl"'ITUll-
clUeling filill. In particular it has lJ('ell .~hOWll piG] tllal Ul(~ rt~slllt .c;ivl~1l I.y 1-:11. (:I.7.1)
fo .. a supcrcolI<lllcting film may be rl~adily gt'npr;lli~I~d Ln till' 1;III)(~rlaU.in· ).\1~1Il11'l.ry.
A propcr understanding of llw Ill'tJhll'llI fluSl~d loy Lhl! S1I1WITtlnlllidiliP. filllI 1lI1lsl lll~
regarded as all essclltial prccursor lo a I)rol,,~r Illilierstaniling uf Ult~ I·orn·~lJlJlIIlill).\
]lrohlem in the sllperlatticc geomdry. This is parlic!lIlarly .~ll .c;ivl:n tI", rlill.llrt~ "r
the inconsistencies lhat we have i\lllldl~d ttl lll<~t I~xist within 1.11': cum'llt likmlllfC'
regarding the angular dependence of lll(~ upper rrilif.1I1 lidrl ill 11 snpl'r"UIlCludinK
111m.
Chapter 4
Upper Critical Field of a Superconducting Superlattice
Tlwr,· <'xists r:,,"si(lerahlc~ thenrdical ancl experimental inlr:rcst in synthetically mod-
ul;~ll~d 1Il;~tl~rials cUlisistillg of altcrrHlling la)'('1'il of melals, at lC;l.~t Olll' of which is
il silpercollllllr.l.or. II 1l11l1Jher of silch systems have l)l'cli filbricatcd and studied.
Tlll's,~ illr.hl,I,~ suP,~rli\ltice structllres collsistillg or slIpcrconducling/tlormal melal
l"y"rs I~!"', 7:IJ alld slll)(~rcolldlictilig/fenolllagneticlayers [4Ii, 47, 741, as well as 511-
pl~rliltti<:l's ClJll1pOSI·d ur alternating layel's of snperconducling materials with differ·
<'l1t hulk properties [37, 38, 3~', 40, 751, This ncw class of supercollductillg materials
,'xhihits a wieh: range of intriguing phenomenon that providC'S a critical test of the
,'urn'lll tlll'oll:tic:"ilI11lollds of tile proximity (:ol1pling in superconduclivity. or par-
t.i'·111ar illlc!m~l arc' crfects that aris!' as a cotl!!Cqnence or the coherence between the
urd"r p"rallll'l,'r ill th,' sC'llarat,· layc>rs. Such C'lf('cts can manifest themselves quite
drillllil1.ically ill the tl·11l1)('riltUrt· dependence or the upper critical ne1d.
or tilt· variolls proximity cOllpl('<1 sllpcrlattir.e struclmes that have beell stud-
i(~1. the "m'd of an ilpplic:d nmglldic neld is pt:r1laps the l1Iost prominent ill those
ill II'hic·IJ 11ll' ,'olllposile 1111'tals share the samc bulk transition temperature, hut·
wllil'll IHlv,' ,litfl'rc'lll, "I('cLTOn diffusion eOllstallls. 111 sneh systems, (Iilferenccs in
tl1l' sll!,I'n'OlHlucLilig Ilrol'erti(~s oilly become apparent ill the presence of an "1'-
pli(',l 1l1'1glH'lir: fj,·ld. AI, It'ilst1.wo sllpcrlatticc structnres, Nb/NbTi and Nb/NbZr
[:Ii. :1$. :m. 40, i!"'I, ar{' known to belong to this class of struclures. Such systems
lla\'\' tIle' additional nth'anlage of being easier lo understand theoret.ically. As we
discllssed in Sl'('lion :!..'i. tile d,' G<:nnC'S theory reduces to the much simpler de
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GCllncs-Werthamcr lhrory. if \\'(' I'an ;lSSIl1l\t' tilt' ('lltlllltlsill' 111<'1,,,ls sh.,n' lIn' S;\lll"
BCS coupling cUlistant, dl'lIsit)' of stall's mill I)""y" t"1ll1H'rllllll"',
Despile the ~implir:it)"of sllch sys1.l'ms, llll~ t"ll1ll,'ra1.11rl· d"p"II(I"Il"" uf tIll' Hp"
per critical field i~ knoll'lI to l'xhihit iI n1l1111"'r or i1ll.,·1"t'lltillg fpal,lIn's tll'lt ;Iris.' ,IS
a consequence or tIll: proximity ('tfi'rl.. '1'111' 111ll~t ubviuHs i~ til<' rapi(l lIplunl ill
the pilrallc1 uPIll'r critical lit-Id rUr\'(' 1.II'I!. is olls('("\'(',] dll~(' til 'J;. as IJI<' 11l"~'ll",il'
coherencc length approadll's llH' mUdllllltiun 1,'l1l-\th of til<' SIlI,,·,,1;,t.1.ir... This is A,'n·
erally referred to .IS llw dillwllsiollal (".("(lSSll\'t~r fru11l 1,\\'0 LIl tll1'(~' diliWIlSiulIS, 1111
effect first predicted and discllssNI for .IOSt~llhsoll-coupll~d Sllp('rlllU.i<',~S hy Lawrc~lln~
and Doniach [761. More recclItly 1'ak'llwshi iUlil Tachiki !fi;l] pn~lklt'd tlmt, for
certain para1l1eters, tllc llllpl'r critical Iidd ClIrVtl for :;11rll 11 :;ystco11l 1Y'>1lI,II'»;lIi!.it
a discontinuous slope. The origin of till' discontinuity ill th(~ :;I0l'(~ "f til(' Ilpper
critical field lies in the cfrt..'Ct of the: slllwr1ilt1.in~ gco11ldry UlI tht: tlucleation uf 1.I1l'
superconductivity, For sufficicntly low vnlllCS (J( 1/ it is (uund that. 1.llI~ snp,'rwlI-
<Iuctivily nucleale ill a c1em1 (N) layer. lIuwevcr for it rcrlnin rang<! or p;lr,lllldt~rs
the nucleation swilcllcs to a dirly (8) layl:r wllell the fidd II ,~xq""ls ,. l:(~rtilill viLlll(~
1-/*. It is this translation of the llllCll'iLtion ,:enl,c~r that giVl'~ ris(~ tu lIlt~ tlismnlillllity
in slope.
It should also be noted that cxpcrinwnlill stlJclil~s IJll utlll~r,~tl"lldlll'('S ill whkh tIlt'
bulk transitionlcmperatllres of the r.ollll'0sill: lIIilterials difbsignifil;anlly (NI,/N1J'J'.,
[32]) or which include a non supcrcollt]udiflg c')lnpOIII!llt (VlUll [77J) cxlJil,it iL sim-
ilar feature at low telllperature, iJl(lici~tilig that the plltl1l0lllHilUll prctlided by Taka-
hashi and Tad1iki (53J may manifcst itsdfiu 11 widl~ vari(~ty ufsnperlaLlkt! 1itrlJl:tun~.'l.
The phenomeno1l of surface slll'ercolllllldivi1.y, Ilisclls1il~d .~..r1it~r ill the t:tllltiJxl of
homogeneous superc(Jllduclors (WJ, also 1ll1Lllifcsts itsdf ill tln~~(: l1,yer(~d syslt:ms, In
such systcms Lhc loca.tion of the nur:1l~illion t;eJJtl~r is llclc:r!niued lIJrtI1l~h thl: sul,1.le
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CCllllbilliltioll of tile altrilcLive nature of the free surfilcc and lhe modulation induced
Ily Llw Illultilamdlar structure of lhc sIlJlI~rlatticc. This gives rise to a qualilatively
dirr"TI,nl telllperatuTC Ilcpcndellce of J/C:l than obtained in the case of the h01l1ogl....
lIeous superconduclor lli~cussell in llH~ previous chapter. The de Gelllles· Werthamer
LlII~(Jry uf the proximity dfect predicts two distinct effects here. The first is lhat the
uppt,r r.ritical fidd 1Ic:J call be considerahly larger than is 1he value calculaled for a
hOllll)gl!lIl.·OIIS SlIllerr.o11l111ctor and call exhibit a non-trivial Lemperature dependence.
TIll) .~('WIl(J is that the IIpper crilir.al field exhibi1s a sensitive dependence 011 the
Ili~tllrr.uf the iuitiallayer. Both these c1reds have been observed experimentally and
Ilroville II crucial test of the de Gcnnes·Werthamer theory of tile proximity effect.
TIII~ layollt of this chapter is ilS follows; In Section 4.1, the dimellsional crossover
illdllced hy the modulation of a superlaUice, pre<lictcd by Takallashi ami Tachiki
[!iaJ will he studied in detail. Our theoretical calculatioll will be performed llsiug a
ratio of diJfnsioH COllstants Dllb / DII~1.' =0.2586 ilnd the layer thickness d = dllb =
(1,,107., = :,J50 Acorrespondiug lo an NlJ/NbZr superlatticc prepared by Kuwilsawa cl
al. {:lSI. III lliis supcrlattke, we will show Lhat the origin of the discontinuity ill the
ll'I11lwmtllTfl Ik'plmdl:J1fP of tlw upper critical field originales from a discolltinuolls
lraUlll;ltioll of the llucleation center of t11e pair amplitude. For sufficiently low values
of the applied lidll, the nucleation center of the pair amplitude at the transition
telllJleraluft' is located in lhe CClltl~r of a clean N (Nb) layer. As the applied field If
is illcrc1l.'lCd beyond II. certain valuc If" the Ilucleation center shifts discontinuollsly to
tIll! n~lILt'r of a dirty.5 (NIJZr) layer at lemperature T·. We then will show the 0111.'-
LO-Olle flJTl'I'liIJOlld"ncc Ilr the discontinuous trauslation of the nucleation cenler and
tlll;~ disconlilll1ous slope in the lemperature dependence of the u]Jper critical field,
WfLI=/I0.l'=P' thl'ough the application of the Werthamcr equation, Eq. (3.8). The
tl1l..'orclkal results obtained show good qllantitativeagreement with the experimental
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data.
In Section 4.2, we will iuvc.'1tigllte tht' iutl'rpll1y of lIw ~\lrfnn~ 1'lfl't·1. [1!IJ HUll tilt·
Takahashi·Tachiki cffet:t [5:l] in a Illuhilayl'r S)'Stt'Hl, which will lit' 1I1l1lId".! as .,
superlattice with onc frcc surface, starting wiLli dt.ll{'r Llw N (lr 111C' ,Ii CUIIlPOIWlIL
It will be showll {50] that the location of tIl(' 1l1ld<'ittitJlI l't'lltl'r alltl LIU' l"t'sl1ltll1ll
lcmpcrature depcll{ll'nr:t~of t!\l~ uppI~r crili,-al ~1'ld in ,I lnyt'rt'cl slrndul"(' ,Jr\' :<tr"l1!\ly
affedcd by thc l)r(-'SCIlCt~ of 11 fn'!.' SUrfllt'l~. This has sij!,uilit"I11I. illll'li'-ll1.ions rOl'tlll'
interpretation of existing cXllerimelllal data ami SIIgJ;I'Sts fllrl.1lt'r work in this area.
Similar conclusions have bccn arrived at indepcudcnt.ly hy AiUlsd al. lin the 111t.~is of
experimental studies [41, 781_ Their studies ClJl1lir11lc\llIlt~Ilrilwipi,l n~slllts l'olllailletl
in our work, namely that the nature of the inilial hLyl'r (i .• ~. N lIr ,Ii) sip,nilinliltly
modifies the temperature clependl~nceof tIl(' llppl'r nitil'al lit·ld.
In Section 4.3, detailed resulls from lLn invcsl.iw,tiun .,r lilt' dl'flt~ntl"lIct· uf lllt'
surface cffect 01\ the viLriolls Jlara11ldt~rs will he pn~SI~t1ll~d. Our l~aklilati(Jll fur a
supcrlauicc wilh one free surface will cover a wid(~ Tilugt: uf tht~ ratio lIf 111t1 Ili'fll.~ioll
constants, 0.05 < Ds! DN < I, while lhc ll1.yt~r t.hi("_klll~sses will hi' 1t.~sltltl\·ll lo 1'1'
equal. We will present a scaling law dl'Scrihin,; the rdlltioll IJt)lWt:t'1l 111l: Jrll"lulalillll
length of the sample and the critical value "., at whic:h l1U! ~IOpt! uf tlw llillwr
critical ficld cllrve ill! a fUl1r.1.ioll of te1l1pt!Tillllrl~ is disl:llllt.iIlUlJIIS.
A further quantitative CXlllllirm1.iou of l1w effects (If tlll~ itlsllilltin,r.; slllJslrl1ll' WI
the temperalure dependence of the upper critkal field, fur NhfNI,Z,r slllwr!altk(!s
will be presented in Section 4.4. In parlicillar we will show Iww <Iilf"rcml:':S I,dWl:(!1l
previous measuremcnts [38, 39, 40] ofthc upper critical field Oil Nb!NI.l.r SIlJlI!rIlLt-
tice structures call he reconcilcl! if surface cffc:ds arc illcltllll!tl. WI~ ;.JSll show ht/w
the experimcntal results of Maj allil I\lIrts [41], whidl I~XiUllilll: l.Iw dfl!d Oil till'
upper critical field of varying l1w Ulil".knm;.~ of lhe illitial laYI~r mil Iw al".,:(Jll/ltt~(! for
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hy tllC (Ie Gelltlcs·Werthamcr theory of the proximity couplillg. The analysis will
show that tile pair· breaking c1rcet of the electron spin paramagnetism contributes
significantly to til'! evaluat.ion of the IIpper critical field at low temperat.nres.
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4.1 Upper Critical Field for Infinite Superlnttice
III this seetiOll, we Wilih to con~itler lhc Sllpt'r\'umludillg trilllsil,iull 1,('l1lpt'ralllrl' ill
an infinite slIperlll.lLicc ill the prcsenCt' lIf a h01l10gl'llt'tlllS 11lap:llclic rit~hl 1I11plil,t1
parallel to the plallcs. The gl'Olllclry is shown sdwl11illirlllly ill Fig. -1.1.
Figure 4,1; Parallel uppcr critical ridd apillil:d to a sIlIH~r1aUir:I'. '/~s = '/~N /tlld
DS:F DN' d = dN = ds (lenote the thickl1l'SSI~S for N alill S lay(~rs, r"sl't~divdy.
We further assilme 1I111t the slll)CrCOlldudillS 1l11lkrill]s, whidl Wl~ ]aJ,d N all,1
5, share a common BCS coupling constant, density of sll~tl'S at the FIJrrui sllrfa(:(~
and Ochye temperature. Wc assume, howcv{~r, thlll the cb:troll diffusion t:lIllSlaIlL
D is different in the two materials, with
('.1)
We denote the thickness of lIw S N layers hy rls lilltl dN , rcsl)(~divdy.
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As disc.lIssc.."t1 previollsly ill Section V;.4, the calculation of the transition lemper-
Atlln! ill II. mullilaycrsyslcm n..'tluccs lo the de1cnnilla1ioll of1hc minimum eigenvalue
t;iVCIl lIy lo'.q. (2.180),
(. 2.),liDs 1'Q'-~A :F
(. 2.),/tON I'Q'-~A :F
sulJjl!d 10 lIjC mfl1illuily conditions
E,T, xeS,
E,F, xeN,
(4.2)
(4.3)
DNn· (i'Q' - ~A) F(x eN)
F(xe N)
11.1 each of tlw i Illcrfaccs.
We in1roduce t1illlcnllionlcs.~ ratios
11.1111
Dsn· (i'Q' - ~A) F(x ES),
:F(x E 5), (4.4)
(4.5)
E,
E., = hDN'
Eqs. (4.2), (11.3) and (4.4) then become
(4.6)
with
(. 2')n· 1'Q' - -;;;,A F(x eN)
:F(XE N)
a1 cach of the illlcrfl\ces.
E.,F, xeS,
(. 2,)pn· ''V--;;;,A F(xeS),
:F(x E5),
(4.7)
(4.8)
(4.9)
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The reduced transition 1Cl11p(lrat\ln~, I. = f.; i:< t.11l'1I gi\"l'l\ II)' till' W\'rtllllllwr
relation
x «:..=t) +In(l)= 0, (.I.ltl)
where ~~ =~. Choosing the London gallgl~, we hilve fur t.lll' ,'I'I·tUf l'uknti;d
A(x): I/(O,x,O).
We 1hen introduce the dimensionless vuriahlt,s
x
x--+£;;' IIY -+ T;;'
(,1.11)
(1.12)
where ~fI is the maglletie coherence length den ned by E(l. (:1.11). Wl~ call WI'ilc lim
order parameter ill terms of thClill dilllCllsiolllCll.~ roofllillall~ I\.~
where b(k}(X) satisnes the followillg di[rcrl~l1tinl ()cplI~li()n (Wcbl~r E1lnalioll):
with
p [-~ + (x - 1.-)2] h(k}(X)
[-~ + (x - 1.-)2] hlkJ(X)
'\(k) h(~)(x), x E ,c.,', (1.1<)
(1."')
(-l.IIi)
From which il is clear that p = 0 is necessary to ohlilill th{~ minimllll1 d~I~IIVitille,
The continuity condition 11.1 the intr:rfaccs given in Ell- (-l,ll) rmlllc~ 1.0
with Xi denoting the coordinate of i Lh illll~rfacIl of tltr: slJp(~rtiltticc. The pl:riudic
nature of the supcrlattice gt.'OlIlctry l1lealiS lIlat the (~igenvahw s]JIldrulrJ is Iligldy
degenerate with
A(k): A(k +A/(u), (1.18)
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wlll~rc II = (d.; + rlN ) llenotl:!i the modulation length of the laUice in reduced units
111](1
(4.19)
I~lls. ('1.1'1) and (4.15) together with the continuity condition specified by Eq. (4.17)
pr<Jviue a IJallis for tIle nUlllerical calculation of the eigenvalue spectrum, A(k), for a
wille class of sllperlaLLiccs specified by 0 < (! :::; I. Since the eigellvalue spectra cor-
n~llllOJldillg to dilrcl"cllt valucs of (! show qualitatively similar structure, we present
ollr numerical results only for p = 0.2586 aud ds = dN = 250 A, which corresponds
to tllc Nb/NbZr muhilayersystenl prepared by l<uwasawa et a1. [38J. The purpose
of c1JOosing this superlaUice model is to provide a quantitative comparison of the
th(''Qretical calculation with the experimental uata.
A surface plot of the eigenvalue Aas a functioll of k and a =A/(2£'1I) =d/£'H is
showlI in Fig. 4.2 for the wave number k crossing four N$ cells. From this surface
plot of the cigelivalllc we fiJl(1 that for H sufficientl:), small (i.e. modulation length
A < magnetic coherence length £'1/), the detailed structure of the s\lperlattice does
not manifest itself ill the functional llepclldence of the minimum eigenvalue >." on
the Imramdcr k. Instead what is observed is a flat line with a constant eigenvalue
which can be evaluated in the limit 11 ..... 0, (sec Appendix C) as,
(4.20)
This behavior is characteristic of all infinite homogeneous superconductor, with an
c1fective electron diffusion constant .flJilJN. However, as the applied field H is
illcrca.~ed, the modulated structure of the superlattice is seen to manifest itself in
the k depcndence of ..\. What we observe is a curve with lllultiple minima located at
the centers of the N layers, reflecting the periodic nature of the Iluperlattice. The
faet that the Ilucleation ccnter k" switches over from the clean (N) layer to the dirty
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A(k,a)
Figure 4.2: Surface pial or the eigellvaluc spcdrum, >'(k, It), 1111 fL rlilldiull or k 111111
a for a. superlattice geometry in parallel field case (p =O.2.'JSri).
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(S) layt:r witll inrrei~~ill~ lllilgllctk field givcs rise to a discontinuous slope in the
,1':P'~lIdl~Il':(lOr"'(fl) on th,~ l·euut:,~t1Ia.yerthir.kllcssfl, itS lIlay ue sccn in Fig. 4.3(a).
StlhstitutillJ; the minimum ()igf~llViIIHC into the WerthalllN c([lJation, Eq. (,1.10),
(e .")X ttl: +111(l)=0 (4.21)
witll I dt~llotillg llw rndlll:cd t'~ll1pera.l.ure f;, we obtain tllc tcmpcrature dependellt
111'1'('1' ,;riti<:..1 lidd sllllwn ill Fig. 1.:I(b). This figure clearly shows a discontiulliLy in
til" sllJp,~ of t.1I,! lip per critkal liclll 1111 l:orre!lI>Olldillg to the discontinuity ill slope
of thl~ lIlillillllJlll eigenvalue. This is the hasis for the novel ,li1l1ellsional crossover
1,c1lavior Jlrl~dict(ltl by Takahashi and Tachiki [53] and subseqnently confirmed exper-
irucutally [:17, :181. N{~vcrlhelc.~s, we note that the determination of the temperature
,11~peIHlellr.(,of the upper critical field ill a superlaltice using the Werthamer equa-
lion, gil. (,LlO), dcpenlls explicitly upon the length scale (I = rlN = ds, while the
minimum dg(~r\Villlle, "', depends only ou the reduce(l thickness n = d/ell for a
p,iv(~n ",L1l1c of p. Tllcrcfore, to observe the dimensional crossover ill t.he curve IJlr(t)
for I > 0 ror 1~ given Illllterial (c. g. NI>/NbZr), one has to choose an appropriate
I1ly,'r thickness. l;or the samples prepared I>y J<llwasawa eL 11.1. [38], we can estimate
the l;l11allest layer thickncss in terms or the asymptotic expansion of the X fUliction
ill lhe lilllit '1'_ 0 11..~
(4.22)
wlww
liON 4</!. [rllJl- t 2Af.N = 27rkBT. = 21l"3T. dT = 0.514 x 10, (4.23)
with 'l~ = !J.21\ aud I~l = 0.550 '1'/1<, '1 =0.5772 is the Euler constant, a" = 2.015
aud "" =0,4757. The resultant thickness il; de :::::: 135 A. For a superlattice with
layt'r thickness less thiln dc, the llinwllsional cros.~over in the upper critical field is
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Figure 4.3: Fig. (a) shows tile minimulll eigctlvahws r(m/I,! at Uw N ,11111 ,c.,' C:'~llll:rs,
rcspcclivcly. Fig. (b) shows tllf~ llJllh~r critical lidd, 11('/'), and lin: ,lillll:lIsi"UIlI
crossover at (N°, to). The Iligll!~r lit:ld is df~fill,:,1 I~~ till! IIPl'llr l:ritil:ill lif:I,1 flf lll'~
supcrlattice, (p = 0.2586).
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lIut uI!Sl,rvallll! for I > fJ. This estimatc! is t:onsistent with the eXllp.rimcntal data in
lId. [:181.
It 1I(!I!lI.~ to Ill! ull1l,hasizcd thilt, in iI multilayer system, the surrace effect will
dOll1irmLn for sllilicielitly small Il [50,51], and the dimensional crossover observed ill
f/('I') limy not correspoud to URI TakllhlL~lIi·Tachikielfect. However, a model of the
.~Ufl(!rlilllil:(l Ilrtlvid(!s 11 silnplll gC'Oll1cLry for tlw (Iemonstration of the illfluence or the
inkrfac.illl dft!ct on 11('1'). [n the next /iCction, we will show that the (limensional
ClllSSOVllr willlw signilkanlly changed IL>; the surface dfect is included.
4.2 Surface Superconductivity in a Superconducting Superlattice
III till! prl1viollll chapter we demonstrated how the phenomenon of surface supercoll-
,llldivily (.Qultl hI! IIl1d(lrlitood in terms of tll(! loeation of the nucleation center at
till! frL'C surfael!. Likewisll in tile prlwious section, we showed that the modulation or
tile slllWrColl(lllding properli('~~ of the superlattice could give rise to a discontil11l0US
shifl in thc location of the lluclciltion ccnter resulting in a discontinuity in the slopc
IIf lIw IlI'per crilicallidd. It is therefore intercsting to explore the behavior of the
lllll:lcl\tioll center \luder the combined elfed of a free surface and a lTlodulalion of the
Saltlpill. MtJn~ specifically, Wt! ask holV the phenomcnon of surface silperconductivity
l1Iallirc.>;t~ i\.~df in iL Illilitilamcllar sllpcrcomlllclor. In order to investigate the com-
hirwtl influence of the Sllrrace and interfacial effects, we extend our calculation to a
sl~lIIi-infilliLe sllpcrlattice gt'OlTlctry. 'fhe rcsults of this calculation have appeared ill
two published paptlt"S 150, 511.
We 1\pply the tltl (;CI111('S- WerLhamcr theory to two nlultilame\lar structures com·
pusl,tl IIf N (deall) type and S (dirLy) type superconductors as discllssed in the
previous scdioll. 111 Olll' stn:cturc, referred to as NSN ", the initial layer (surface
I'l)"\!r) iii tYP'l N. while ill the 0111\'1', referred to as SNS··" the illitiallayer is type
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$. Both geol1letrie~ arc illllstnllt'ti in Pig. '1.-1.
I"
J..-,Is - r-,I,,-
s, N, S, N, 5:1
(I;oNS... )
,I'
N, S, N, S, N, INSN...j
Figure 4.4: Parallel UPIlCr critical tield apl,lil',] tu .~t~lIIi-illli"il.l~ SlIpt'r1I1U,it:I'll
(NSN···j .ml (SNS·· .).
or particular interest is thc illnlll1l1~e of ~Ol1llll'litioll bdw('I~lI tlll~ slIrf'lel· I'lfl~d
and the modulation induced hy l.ll!! IJlIlltihlyr.r strudlln~ 011 the IUI'IL1.iulI tJf tlu~ 1111-
c1eatiolJ site ko and thc eigcnvalue >.(kO). The laLLer will (ldl~rrllilH' tlu~ 1!l1lli~vior tJf
upper critical field HII as a fundion of 'I'. To hl.'Ill illuslri~ll~ tlll~ IlHlllifklltioli uf LIIlJ
telllperature dependence of the lIpp(~r ~riLiml ridll t1ml r(~sllits frulll 1.1ll~ pfl'Slml:C (If
a frcc surface we chose the paramcler (I = O.Ori Mill fiN = tis = It. A IlIon~ ,l.!,elU~ral
discussion of the effeds of varyillg thc pariwwtl!l'I' II 1111.1 Ii will 1Jl' ,l.!,iVl·1l ill IIl~xl
section.
For Lhe {NSN ...J and (SNS"') strucLIITI!S, 1~ls. ('1.lri) ;~Ild (4,14) slit! Iwld
in the Nand S laycr!> respectively. However, a surface lJoltll'lilry cfJlj.!ili"lI IIIllst Ill:
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,[ I-/!.I(kl(x-k) =0,
(;I: T=O
Surface plots of tile eigenvalue spectrulTI obtained from solving the Eqs.(4.15)
and (4.1>1) Lugdll(~r with Llw lwwly adde(] hOlilldary condilion (4.2'1) are shown ill
Fi~s. >1 ..'i ami >1.0. 'I'lu! surface plots sllown ill Fig. 4.5 am] 4.6 share a uumber of
IllliLliLativdy similar feature:;. [n parliclIlitr we nud that for sufficientlysmalllJ (1\ <
<II), Lhe ddaill~(1 sLrudllrt~ of the semi-innnile superlaUicc doc.~ not manifest itself
ill thc functioual depclldcncc of the minimum eigenvalue ..\(k) 011 the parameler k.
Instcad what is ohscrvl~d is a smooth curve with a single minimum. The posilion
(If 1IH' minimum, k-, lInfl the corresponding eigclIvalue, Y, can be evaluated in the
limit 1/ -+ U (st'I' Appcndix C) as
O.59010JP (1 +p)
2
O.590JOjp,
('.25)
«.26)
This Iwll1lvior is characteristic uf thc semi-infinile homogeneous superconduc-
tor disCllSSI:d in the prt~vious chapter, with an effective electron diffusion constant
..;v;:rJ;i. Thc c1r(~cl of LIIl! millilllulll of )'(k), induced hy the !Jresence of the frcc
Nurflln:, is til cnhance I.hc criticllllielll, giving rise the phenomenon of surface super-
nllll]I'.divity [(ili] IIiSCUNscd carlier.
This rather simple behavior disappears, however, as the applied field 11 is in-
r.reased, and the modulated slrucl.ure of the superlaUice is seen to manifest itself
ill lhe~: (ll'I)(!nd(~nce of the eigellvaluc ..\(k). For A» <II, the modulatioll gives rise
tu Illlliliph! minima lorated either clOSl! to the center of the clean N layers or, with
iurn'asing magndic fiel(l, H, close to the cenler of the dirty S layers. Except for ill
the illitiallay(~r, the effect of 111(~ frcc surface is negligible and the dependence of the
N1l1all<.."St eigenvalue 011 the wave number k" is dominated by the modulation of the
A(k,")
Figure 4.5: Surface plot of tIle cigcllvaluc spectrum, >'(1.:, (I), il.S il flllldioll of k 1L1I,1
a for a NSN··· gcomrlry in parallel field case (p = (l.U:;). II':INI -> IIc:lN -I JJ~:l.'i'
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Figure '1.6: surrll.cc plot or the eigenvalue spectmnl, ),(k, a), as a runction or k and
II fur;~ SNS··· gcomrlry in parallel field case (p = 0.05), He3 N2 ..... He:JSl_
geometry, similar to what Wils fouml in tlw ~1l1't'rlaLtiw(il~(' disf\l.~~l'11 in tlil~ l'n'\'ioll~
section.
l\'!ore interesting, and illlll'f'd lIw ~llh~tann' of 1.111' prt'~I'1l1 wurk, is tilt' muclilit'a-
tion of the functional depcmlcllce of the l~igellvahll'AU') on til(' p"ranwLl'r~: ,hit' I,u
the prescnce of the free ~llrfaCI~ ill thi~ partirulHr wgillU' (i.l'., II. ~ {II) and till: l·orn'·
spOlJ(liug values of 1.:" 11.1111 >: ohtaincd. In partklllnr Wl~ lind, lIol sllrl'l'i~in};ly, 111111
in the case of the semi-infinite geomdry we lll11sL dislillgllisll helWI't'll tlll~ I'i};('llvallll'
spectrum shown in rig. 4.5, ohtained (rom tile (.ilse ill which Lilt' lirst layl'r is dl'Hti
(NSN···) (see Fig. 4.4), and that ~hown inl~ig. 'l.Ii, "htaim:11 rruill tIll' I'HSI~ ill whil'h
the first layer is dirty (SNS···) (sec rig. 4.'1). III ~hl~ cllse ur the forml~r, th,' n~sult
obtsined in tile (NSN···) gcometry shows that lUi .\(1.:) bq;ills til dlWdll]llllllltipll'
minima with increasing magnetic field, the lluclealion l:cnler i.~ IOI:atl~d ill thl~ Iirsl
layer denoted by N l • As the magnclic field Il is iIICfel\.~ell f1ll'thl'r tilt: nurJe:atiun
center thcll shifts to olle or lhe interior N Iflyers 111111 lllllitiple minima wilh HI'ilrly
degenerate eigenvalues appear. 1'11115 we Oh51~I'VC a l~rOSSOVI~r frulll flndl:atiutl Ilt tll11
Slll'race 10 nucleation in lhe wblllk~ of the sample. This gives ri~c: l.u tim very slmllow
discontinuity in the slope of the CllrV{l'\" vs. 1-1, shown in I·'ig. 4.7{a), in t:ultllmri.~,.n
with the curve for "" which rt.'Sults from a Slllll:rlatlicc gl'OllIlllry.
As the magnetic fielJ is iucrcased fUl'lher, the ll11c!l:atioll r.eu1.l:rs shift tu the:
dirty S layers, giving risc to a second discolltinuity in the: sl(JIItl of till: l:urve .\" vs
H. The resultant criticall1cld curve is preS{!lltml ill l"ig. -I.7(h) lUld shows 1I1l: dred
of the two successive shifts in the nuclealioll cenler. For thl1 IliIl'ticlll'H [JiLriUllt:Lers
considered here, the first shirt in the nucleation ccnter atllu: t:rtlSSIlVI:r (row surraf:l!
nucleation to nucleation in hulk ha.. very little qllllutitativf: cfrecl Oil the (:akula1.ed
upper critical field Clll'Ve. Nevertheless, Maj and Aarts [-I!] relllll'ted that II sltlall
kink {Iualitatively similar to that obtained from the our tlJeorclit:ld t:idt:ulalioll, WII.Il
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[o';gure 4.7: The minimum cigenvalues >'" as a funct.ioll of the applied magnetic
ndd, for the slIllcrlatlice(l) and the semi-infinite (NSN···)(2) and (SNS···)(3)
gl.'OI1\lMics for p = 0.05 arc shown ill (a). The corresponding upper critical field as
it fUlIction of / for the three geomctries are shown in (b).
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found in their experillll'lltal l11t'ilSnrCll\t'nl,
In the case of the (tiNS" ,) gl'ollwtry, Fig. Hi, Wt' riml L1mt, as ,\(k) bt'gill1t ttl
develop multiple minima. with illcrl'llsing magndk Iit'ltl II, tht~ lludt'aLiun l~t'lIl.'r ~"
occurs in thl' N I layer. As the app1it'd 1Il1lgndk nt·ld is int'n·as.·tt tht~ llut"1t·a1.iull
center shirts rrolll lhe Nt lilYl'r to tJllt~ of UIt' iult'riuT S li1yt'l"s, IlUlI'PI'I·r. d11l' ttl
the errect of tht~ fn~ surrac!', the shift in lilt' 11lldt'atioll t'I'IILer tWflll'S at a 1l1111'h
lower value of H th.tll ill either the (NSN·, ,) W'Ol1ll'Lry tIl' till' ililillit.~1tl\pt~rl,\lli("{·
geometry. The resultant critical field CllI'veS rur p == n,O!! Hn~ shuwll ill Fig. '1.7(1,) /tn.1
show that the discontinuity in the llppt~r critical fieltl t'.llrVt~ "r.t~\Irs at ,l nUlf"h l"wpr
value than in the corresponding (NS'N , .. ) gt~oll1dry <llId tilt' in!illitl' slIlwrluLl.i,·,·
geometry.
superconducting superlnllice consisLing of alternating hLyt!rS willi a l'artklllM ratiu
of electron diffusion constants (p == 0,05). for til(! parilluder vahlt's sLllllil'd, Wt·lilltl
that in the (NSN .,.) geomcLry, in which lIttl illjtiall<~yer is a ch~i\1I (N) laYI~r, thtl
upper critici\l field is very close to Lite value obLiliut~d for i\1I illfiuj1.l~ ,~llpt:rlaUio:t"
and hence f-1c2 ..... H~:J. In particular, th" tt'lllpemture ;IL whidl LIll~ diHcoutirlility ill
the slope ill the upper critical field Of.Cllrs is rdativcly illSllllsitivt~ Lo tlw prt'St~lll:e uf
the free surface. This is COll~istellL with claims made ill LIm litl:rature rl~ganlillg 111l~
interpretation of the experimental data [3!), -10, :181. Perllil.J's more intcr,~tillgly,we
finclthat in the case of the (tiNS·· ,) geometry, ill whicll the iuitial liLyt!r is ,L tlirty
(S) layer, the upper critical field dcviales sigllincanl\y from till' valtw .;aklllau~t1 ill
the case of the infinite superconductor, ami hCllct~ II~:J > Il..J •
We find that the surface effect is crucial ill dcterminiug lhtl sittl (If til'! 11I1t;!l',ltioli
center, k\ and thus the dimensional crossover in 1I1(! tetllpemtllrt~ tltlIWllllt~lI';I~ of
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lh,~ lIPP!!l' critical rid,!. Tld~ i~ h,~~t ,[mnullstratt'c! hy the sigllific;IllL <leviation be-
lW':i:1l the two (;IIl'Vel! for tile lIpper criliCj~ll1c1d 1/(1') in the NSN· . and SNS··
gmlllf~tri(:s, .~!InwlI in fig. 4.7(h). '['II is theoretical prediction has heen ('.onfirmed
experimentally hy Maj alill Aarts [tlll. It. should bl: noted that in determining the
t(,rnpI~r;~tllredep~ndcllceof the upper critical field from the minimum eigenvalue us-
ing lhe Wertll1llllcr !-'<Imllian, Ell. (tl.IOl, a length scale given by the layer thickuess II
i.~ ilJ(:hrdl!d, as ,11:l1lllnstmled ill the previous section. This means that the tempera-
tlll1' II"pClIdcIIC(' uf the tll,pcr critical field \\Io\lld change with the layer thickness. In
Ull~ calculation, however, we used the same layer thickness for allthClie geometries,
so tl1C significant dilfcrlmce in the Ilpper critical field between 5'NS .. geometry
;\lld t1lesllp(,rlattice lU1d NSN .. geometries, shown in Fig. 4.7(b), can ouly be due
l(J tll(~ (~xistellce of the fret~ surface.
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4.3 Geometry and the Scaling Hypothesis
An important experimental test of the prcn',ling ilrgll1111'rtt.S Iii'S in tilt' fm't tlmL !.lit'
magnetic field is introduced into lh~ lIwory <luly through llll~ 1I1;1/!,IWl.i,· ,'ulwl"l'lw,'
lel1gth {I/. This implies that tllt~ shirt in th,~ 1IIldl"ltioll sil,t, i1u,1 Llll'subst'tllll'l1t
upturn in the upper critical fidd OCl:llr when
where A = rlN + (Is Ilel101e5 the modulation It:ngth. Tllis ill tllfH illiplit~s tlHll, if till!
ratios <7 a.nd p remain fixe<l, then the vahm of the llmgndir. lidtl at whidl this Jillift
occurs is inversely proportional to the S'lllllr{' of till' l1l()llnlllliolL l,'ngt.h
w(X~, (4.lH)
where tile constant of proportiollality nlilY hI: exprt:~Jis{',1 in tt~rll1l1 of tilt' flllldillll
U calculated for the appropriate values of (1 and p, The (JCCllrrCI1C·t~ uf a sllift in
the nucleation center is, however, It necessary hut not it sullidcnt t'.ollliitioll for till:
appearance of a discontinuity in the slupe of tlw npper ,:ritil:al lidll nII'Vt~, Tile
appearance of this di~colltill11ity lllso l"l'qllires tlmt tlw lt~lIl1wralllw tlhlailll:d (Will
E;q. (4.1O), corresponding to the cigenVidll(~ >" ;~t wllic:h lhe :shift ill t.h,~ IIlIl:h:ntiulJ
center occurs, is greater than 7.<:ro, Taking the limit. 'I' .... lJ uf E'I' (4,10), lhill
reduces to the requirement that the modulation length A satiJify tllt~ ill(~lu;t1ity
where"'f = 0,5772 is tllC Euler constant, <N = JhDNt1:lrkH'/~, ;tIll! ". lill.1 <i/ rl~f.:r
10 the value of lhe minimum cigcllvalm: llll.l lll11gnetic (:Ohllr<~ll':l~ It~llg1b ill wllil:h
the shift in the nuclcalioll ccnter occurs. TIll: laHcr 'lUll.lltilil:S ,llJIWlld unly Oil tilt:
dimensionless ratios p and (j and 111c parliclllilf geomclry mllsidcrcrl.
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It shuuld hI] nolefl thill UlI] 'lhoVIJ sr.aling law has a wider range of apI>licability
thall llw simpllJ snperlallice glJOll1etry. Provi(lell the composite alloys share the
saille hulk transition llJll1plJratllre, the field at which allY discontinuous shift in the
nllr.leatioll ccnter ill(luced by the spatial inhomogeneity occurs may be characterised
by it similar scaling law, with 1\ denoting the characteristic length scale ItSsociated
with the particuhlr goomclry.
The l1IaLI]ria[ propertil]s itSSllllle(1 in the 1)T(:lccdillg analysis have been realised
lo il gl~,d approximation in botll Nb/NbTi [37] and Nb/NbZr [38,39,40,41, 75J
.~lIpI]rhlllkes. Hath systcms exhibit a discontinllous upturn in the upper critical
fidd that is at [east in qualitative ngrccment with tile prediction of Takahashi and
T;u::hiki [aa]. III Fig. 4.8 we plot the value of H at which the upturn is observed as
a function of ~/21TA2 (or Lllrcc sets of data [37, 38, 110], all of which show a linea.r
hdtiwior musistmtl with lim scaling law, E(I. (11.28). The values obtained for the
sloplJS an' givcu in Table 4.1.
Material Reference ($)
Nb/NbTi 37 24.5
Nh/NbZr 40J 16.2
Nb/NbZr 38 6.7
'1"lhlc 4.1: The villue of A2/~i/ ht which the discontinuity ill the temperature dl...
pt'ndellct~ of the Ilpper critical field is observed.
In Fig. 'UJ we ~how the dCIXmdctlcc or U on the ratio p ror u = 1, ~ogether with
the values ohta;lIl,.'(! from the data 011 Nb/NbZr superlattices in Rers. [38,40].
One striking aspect of the experimental data summarized ill Table 4.1 is the
dilfcrt'nre bdween the two values found for the Nb/NbZr superlatticc structures.
C/ulpler ". Upper Critical F'ieJd or " .<;II/lf'rcollduding .'illjll'r/,lH;n· ]:1:1
11" (kG)
Figure 4.8: Plot 5howing lhc o],S(lrvcI[ va]lw of applil~d lid,] "-, at whidl tll\~ sluJlI'
of the upper criticn.l field exhibits iL discolltilluity.
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Figllrtl'1.9: 1>loL showing the value of U = l::~·(~)l calculated ror lhe superlattice
as a [unction or p. Also shown arc the t.wocxpcrimclltal points listed in Table (4.1).
CIUl/ltcr 4. lIjlpCr Critienl F'idd (If.1 .'iUI'I!rf:1Wdu,:I,iIlK .'illjlf'rlil"in~ 1:1.",
While it should noled Illat tht· llata sds COrn~]1111l11 to dilft'l'tml. 1'1I11l1'S uf IT <1lltl i\
slightly different vallie of the ('ompositioll ill til,' NIIZr Iilyt'rs, til" llwin ililfl·n·I1,',·li,·s
ill the fact that in Rd. [:181 tlw slllwriaLLin' was llt~p(lsil''il witll 111\ iuiU:ll Nh layl'r,
(all N layer ill om tcrlllinolo~y),whill' ill f{,.r. [,WI, tht~ SIlPl·dilHit',· \\'<lS ,h·IIOSit.,·c1
with all illitiid NhZr 'ilYI~r, (im S' IllY"r ill tlllr t"rIlliIlOlo);y). Ttl St',· this WI' dl'all'
\Vllal may be regardl.."tl as a ph'ISl~ dingmm for tIlt' Lwo St'lIli-inlillil.t· SlIl't·r1'ltl.in-
gt'Olllctries, NSN .. (upp(~r porLion) llml ."·N8 ., (lmw'r Ilurl.ioll), ill Fip,. ·l.IU.
The lines indicate the valucs of 1~:- (~)1 at which il shift ill Ull~ lI11dt'aLioll ... ·ukr
takes place as Lhe applied field is inert'as'-tl at a fixetl vallw "f fl.
In the NSN ,. case the lHlt'.II',~tioli e(~l1tl~r 1110Vl·.~ t:ont.ill1l\lllsly tnwartls till' frl~-
Slltfac(~ as the applicll fidd is illcn'ilsl:d until it rt~lIdU's Ul(' lirst lay"I' (NI). Fur
fl > 0.08 lhe nucleation "'lIter remni!l.~ ill N I IIIILilllll' ilPlllieri fidel (·)( ..... ~cls 11 n'l·1.i~ill
vaille whereupon it shifts discolllilll1011sly lu l1u~ (l!ul"r of OUI' of lll11 inll'rior S layt·rs.
This discontinuous shift ill the 1I11r.1ealion l:{~l1ter givt~s riSl\ lo iL dL~(:tltlt.illllil.y ill I.lll~
slolJc of lhc uJlpcr critical field, which lI1ay he dl~llUtl~d as II<:INI --+ ""~8' Fur
p < 0.08 the situation is slightly mom cutl1pli,:akd ill that, wlwil tlJl' lit'lll rt'adll'~
a cerlain value, Lhe lIUc1l'il,tioll t:t'lltn shifls first to lhe (:f1Iltt~r of OlW of LIIl~ illtt~riur
N layers and, as the field is further iUnell$(1II, tht~ 1I11(:le,tlioll (:l~llll~r shifts "I;ain
lo the cenler of one of the inlcrior .') !aYl~rs. This n~sllits ill ,m itdditiollitl shallow
discontinuity inlhe slope of the lI)ll)er criticallield, llisCllSst~d ill t.lll! previulls slditlli.
The value of A 1/f.'H 1 at which the shift ill tlw lIudcatiul1 eellll~r OI:t:llrS i~ showll ill
Pig, 4.10 for u "" dS/llN "" I, as a fundiullur p.
Note thal (or p < 0.08 there art: two hr,tlldll~S l;orwsl'oudilll; ttl lht~ shift fnun
the first layer (N1) to lhe ccnter of onc of t11l~ illtl~ri(Jr N layers, th" ItlWl~r IH,wch
(1/<3Nl --+ I/c~N), anti frorn the centlms of N h~yns to tlll~ l:enlers of ,'-1' I,tyl:rs, lllf~
upper branch (lfc2N --+ 11<1S). This lasl. ClL~e is iLUiLloji;OllS til tIll: (:rrt~cl Pf{~,lick'il lIy
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Hc3N·>Hc3S·· ..
Figure 4.10: Plol or 1~:'(~)1 al which the Ilucleation center shirts discontinuously,
plotted as a fl1t1clioll of p for both thc NSN ... and the SNS··· gcomctries with
(1 = d,/d" = 1. <) reprcsmlts the experimental data.
ClllipLer ,1. Upp~~r Crit,kill Fie/a of il ."U/lI'rnml1l1l't.ill,1{ SU/,l'rlitfli,',' 1:lj
Takahashi nnd Tadtiki in Lhe eaSl' of a slIlll'rhl1.l.in',
[ullie Ci\.Se of L1I'~ SNS .. gl'ollleLry, thl~ 11Iwl.-"tiull f('llh'I' ,,~ailL lllu\·,'.q ,·<lll(,ill·
llous[J' lowanls tIl<' fn'C Slll'fllCP with illfl'l"lSillJ?, apllli"d li.'ld, 111l1.il it. l"l'iwlu'S I,ll\'
celiler ~hifLs (,0 tIll' lirsl laym' (S'tl, pI"OlhU'ill~ 11 lli~",,"tillli1...\· ill UIl' sl"I'" IIf tl1<'
I1pper criticallidd curve (1I~:INI ..... lIe :JSI ). Whil.. t.his r,'s"lnh\,':< 1,11l' l'Ut'rI'Sp<llldillp,
shiH illlhe case of the il1fitlite :<lll'crlattil:(~, lilt' shirt ill llll~ lllld(',~ti()u n'lItl'r ill'l','aI"S
al a milch higher te11lpcl"iLlun~ iLud pcrsi~Ls 0\'('1' it 111111"h wid"r railA" uf pal";l1l11't,~rs.
Also included in Fig, ,1.10 a]'(~ lIw Vllhws ,ll;iVl'll ill T,IIl\l' ,1.1 flll" llll' Nh/NIt'l,r SII'
lleriaUir.c~" The comparison lluli,'ak:< lllaL in,I.... ·,l lilt' dilf"l"!'IW<' 1"'\'\\""'11 1I1<' two
data sets call be largely ilccolillle,! for hy t1w fa<'l. I..h<ll L1I" twCJ :<'lllllfll':< ,lilf"l" ill tin'
nature of the illiLiallayer.
While the preceding compHrisun of tlictlilr"l"l~lItnll'w'"f('IIU'lltsuf Lilt, IIPllI'l" niL·
ica.l field of Nb/NhZr sllperlatticl'S olft~l"s rllllvillr.ill~ cvid"lIt"" for till' illl[lUrblllt"t' or
surface eITects in the determinatiull of Llw lIPI)(~r nitintllidd in 11IY('f(~11 slruI'Llltl's,
more direct evidcllrt~ is provid,~d hy lll(Jfl~ Wi"~Ht m'lwrillll'lIts ill wliidl LIIt'III1I1l'l"
critical field is mcasured for NIJ/NhZr Sllllt~r11Ltt.it:I' ~tl'lldlll't'S that r1ilf"r uilly ill Uw
order in which the layers arc grolYll 01110 Lll(' slllJslraLt· [7t'l]. '1'111" i't'Slllts 1I11L,L111l'd
from these experiments confirm the prcdidiollS or nur ,'arli(~r work Ir,ll], alill tll~lllllll-
strate quite clearly the importance of sllrrm;t~ dfcds ill !ilyt~rt~tl Sllpt~rnllldlldlll'S.
4.4 Dependence of the Upper Critical Field on Initial Lllycr
Recent measuremenls of tlw pal'alld IIppl'l" niti,:al lidtl llf NII/N11'l,1' slll"!rl..Uit:"
structurcs, in which the thickllCliS or tlw first Jayt~1" i~ vllrit~d ill il systcilliltit: 11I1UHIt~I"
[41], show a dramatic dependence 011 till) tJliekllt~ss lUll! lYI'I' (i.l~", N Ill" 8) uf 1I11~
initial layer. These experimeuts not olily serve to '~UIlJllasi:f.(J tJl(~ el"udal illllJllrtIUlt:t~
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llilt alsu prtlvilllJ all c)lcdll~lIl hasis for 11 (1lllllltitativc test of the application of the de
S, N, S, N,
"
N,Ls, N, s, N,
,I""
s,
s,
Figurl' <l.ll: Illustration of the geollletry corresponding to Maj and Aarts' experi-
ll1'~l1tS. tiN = 140 A, tis = 165 Aand (I = 0.1
hi onll'r to ~olllilart~ the r~lllts of the d(J C:cnllcs-Werthamer theory with the
t'xlwrilllenlal rt'sllils funtailled in Ref. [41), we consider two semi-infinite superlat-
tin's nlllsi.~lilig of ahcnmlillg hlyer.; of dilferent supercouJucting metals. III one
nlSC \\'l' t"llllsidcr an initial N layer (N1SN .. geomelry) in the other we consider
lUi illilial S layer (SINS .. grolllclry). As in the previous discussion, both mclals
MI' assllllll'd to have the samc sllperconduclil1g transition tempcraturc in the bulk,
hul have 1!ilfcrll1ll c11!('lron dilTusion constants. The thicknesscs of the layers are
llSS1111Wd ('(JllStUl1t, for 1111 but the illitiallayer, alld arc denoted by dN and ds for the
tV all(l S 1;,)'I'rs n.'S!J('di\'l.'ly, <IS shown schematically in Fig. 4.11. The thickncss of
!.Ill' illitillll;IYI'r WI' Ikllutp by rfNI alld rl,-;l for the (NISN ... ) and the (SINS ...)
gl'o1l1l'tri('~ n~p('cti\'c1y. Tlw material parameters used ill the calculation are choscn
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to rorrcsponclto those lI~I'cl in thl' l'xpc'1'i1111'ul;\1 SI.l1dil's dt'snilwtl ill !!"r. [,II]. \VI'
take the ralio (J = ds/d,v = lG!if:Nll. '1'111' ulllll' uf f).v is ,!l'tl'nllill,'d f1'''ln tilt' II1I'a·
SH1'ellWl\ts of dlfJ.!,!1'IT_T, Oil 11 sill~l .. Nil lay!'1' (~,(l(lOA l. wldlt' tlw hulk I.ransi1.iull
temperalure is 1~ = 9.2 1\. R('Sldts for a vahlt' or thl' ratiu p = lI,l an' prc'''''I11.t,d,
however, C'I1culaliolls for several other vahll's of p \\'P1't' p,~rfut1llt'd.
In Fig. 4.12 we presl'lll tlw 1~l\kulllh'd l,t'1111lt'rlltlll't' d"pl'llll"l1fl' IJf Uw 1Il'Ill'r
critical field for rlSI = ds, O.75e1s , O.5d."l al1tlll.~rid.~, TIll' {'IlITI'spontlilll-\ t'III"\'O'S ;11'1'
denoted by 5'(I)N5'·· " 5'{:I/1)NS,.·, 5'(I/'1.)N8··· 1111<1 .'i(I!,I)N,l.,' .. l't'Sjll,,·1.iwly.
Also inclmled is thc curve obtaill~1 for till' NI SN .. J;1'lIll1clry witll liNI =liN. II
comparison or the calculaled results shmvll ill I;'i~. 4.1'1. with tIll' ctJr1'l'spuIltlil1';
eXlJerimental results given ill Rd. [411 illllit:a1."s that tll'~ prt,t:l'ditlp; analysis pruvi,lc's
a good qualitative account of the tempt'ratllrt' dt:P{:l1dl~nn:or lht: llppt'r tTitil'al tidll.
In particular we see that ,/,', whctl~ '}'* d~notc!l tilt' tl'1tlpt'rllllll'l~ at whidl tlu~ sllirt
in the Illlcll~ation center OCCllrs, is 1'l:lll1l'l:d for decreilsill~ Wtlill's uf tile: lhirklll:SS
(l.~;h and that for T > T' the l.ellllJeratllrl' t1I']Jcllth:n{;c~ of tht' 1l1JPl~1' t~ritinll lidd is
liule affected by the t.hickncss of the first I;lyer. H.olIghly sp{'"kil1~, this rt~llit l!lily
he understood a~ resulting from tllt~ fad thRt, for 'I' > T*, tll(~ l1udca1.ioll ':I'u1.l'r is
located in the second layer alld the presence of the free .~llrrILCe has little tdrt:d Oil
the value of the eigcllvaillc. 011 the other hand, fur T < '/'* the llIu:ll'atioll ':t~nL(:r is
located in the first layer, where the valul\of tht~ dgl~llV;dll~ is stroll~ly 11'~IJt~II,II'l1tlln
the presence of the free surface. Th~ tl~l11p'~rlLtllre r1(:IH:lId(~rlt:l1 or lin: IIpp"r critical
field cOllsL,<!uently exhibits it strollg dl~pt:ndc~l1cI:011 the 1.hit:kllt~ss uf the initiall1.y,:r,
It is also interesting to note tlllLttherl~is no Iliscllntillllity ill 1.111) sl'lIJl~ of Lhl: up!'(:r
critical field curve for theS(I/2)NS'·' geomdry, Insteal) tlwrt) is a I:OIILillllllIlS, 11111.
rapid, increase in the slope around I. = rJ.~r.;, rcllecling till: fad tlliLt tlll~ lllldclIliu/I
center moves continuously from Nl layer 10 tht~ iuitial 8 , Inyer as tIll: ;ll'plit~r1 fid.l
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Fignre 1.12: The UPI)er critical field as a funclion or temperature ror the SNS··
gt~oll1etr)' ror dSI = tls,O.75rls,O.5as. and 0.25115_ The dashed line is the upper
critic;,1 fidel calculated for the N(I)SN gcometry.
1/ is increased.
111 Fig. 4.13 we PI'C:ICII~ Ult~ t"tllrulnktl It'lIIlwrlllIlN' tlt·I...1UII'ln"t· of lilt· llpI't'r
critical field for tht' N,SN .. ~oolll('try.with (I,v, = tl,\" n,is.I"" U.[,I/", illUl U$"'IIN•
Thecorrespondillg cllrv~arellcl1otC'dby N(I}SN .. ·, N(:I/,I)SN .... N(I/"!.)SN ..
and N(I/4)SN "rcslXX~i\'ely. i\lsoilldllded is Lhl' t:llrvl'OhLlliUt'll fur llll' '(,·IN,'{··
geometry with dS I = d.~. The Clllillilaliye dHlr;II".lc'r of thl' ,'lIrYI'll Illily ht: 1Il1l11'n<hKMI
in terms of ~hcdeJlel\(lcnceof lhc 1I11dl!;ltiolll't~l1tl'r1.:. 011 till' l'l'lJlil~1 lil'l.I II allllllll'
reduccd temperature I =7'/7~, For ~lll! N(I)SN .. illlt! N(:I/Ij),...·N .. p,t~1I11l'tril'll
the I1Ildeatioll center moves contiullously towards tlll\ rrt:.: IIl1l'raC:t: witll tlt·ITl'llsinl1.
temperature, until it reaches tile fin;t layer (Nd, '['llt: ulIl'lt'iltiuli I:('IIL"I" rt'lIll,itlll
ill the first layer (N,) until 7' = 7" whereupoll it sl,irlll Lo the Sl"'uilil laY"1' {Sll.
with T·/T~ = 0.55 /lIld O.a for the N(I)SN .. IIml thl: N(:I/")8N .. ~t~llll"tril~
rcspedively. ror the N(I/2)8N ,. gctlmdry the lIudt:l,titlll a:nl.l::r IIUl~ uut It\tlVI'
continuously towa.rds the frcc slIrfacr. willi Ilecn:il.~ing lc'l1ll",mtIlTt' hl1t is "tritpl'l'Il-
ill the second Ia.yer (5.) uutil it jumps to lile Iirs~ laycr (Nd a~ l = 1I.!Ni. AN ~1I1'
temperature is rur~her reduced tI,C lIucl"a.~iOI1 Q!lIlcr :o;lIifl.ll frum lilt! lil'l'l~ lay"r INI)
to the second layer (SJ) at 7' =T- = 0.'151~, Similarly with lilt: N(I/It)SN ..
geometry the l1uclea~ion center docs not shin. con~illllumdy towanls tilt' surfaC'l IJUt
is "trapped" in the tl1iffllayer (N1 ) close La lIic illtcrfacel with tile "('1".011,1 laYI~r (,1,',)
ulILil it jumps to the fin;t layer (N, ) as the tcrnpl:ra.tlm: is fllrtlll:r 1l'llul:c'II, wlll:n: it
remains as the temperature is rcduced to zero.
One stril.ing lealure of the nboyc allalysis iN tll(: sl:ul'Iitivity or ti,,, lot:atiull of
the nucleation center, lind C011SC(lllenl1y tile LClllpcraturt! IICpCll,ll:lIl:!! uf tlll1 1Il'Iu,r
critica.l field, on the boundary condititlll at lhe surraCtJ uf th,: sl11lc:rlilUit:l, illitl till:
detailed nature of the geometry oollsidcrctl. That l'Illch It Sl:nsitivity IliL,~ SUIIII: 11i~~ill
in reality, aud is 110t simply an artifact of the formalislll Ill'll' I in tlltl aualysis, il'l
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Figure 4.[;1; The "I)pt~r critical lidd as a rUlIcLioll or lemperalure ror the NSN··
geomdry ror dN ! '"" «N,O.75dN,O.5dN• a1J(1 O.2ridN. The dashed line is the upper
rdtieal fit'ld ralculated ror the S{I)NS geometry.
sllpporlt~d by lht~ (ad lhat tilt' n'Slllts SIlO\\'11 ill Fi,l!;s. ,1,1:l and ,1.1:1 prtll'idl' a ~lI<,,1
qualilativtl accollnt of till' rl,JrTl'SIWlldillg l'Xpl'ritlll'llt,1l1 l'l'sults pn's"IlI,t,d ill ltt,r. {,Ill.
This indicntcs that thc subtlt~ gl'Onwtric dft'<"ts 11I1tllifl'stt'tlwithin tilt' ,Il' (:"1l1ll'S-
Wcrthamcr thcOl'Y arc at least rOllsistl'llt, with ohl'l'rvatillll. Silllilllrl.v with till'
N(I/4)SN· . gco111ctr,V 11H' I1lldt'atil,JJl ,'I'nll'r II"t's lint shifL nml,illilolisly t"Will'tls
the surface but is ~trappl'tl" ill tht, thinllayl'r {N'll e1m'l' Lu t.11t' illt..·rfan' willi till'
sccolltllayer (Sd until itjul11ps 1.0 tlH~ lirst.lll)'t·1' {Nil ,IS til\' tt'ltlp.'rilLul"l' is fUltlll'r
rL'lluccd, wllcl'c it rcmllin,~ liS tlw lt~11IIwmtlll"~ is rl·.lllrl·d to ;(l'w.
One striking fcature of tile ahove aualysis is 1111~ sellsiLivity llf llw IOl"alitHl uf
the lIuclca.tion center, al1tl consequently tile h~l1Jper1ltllrl' tl<~pl'r1dt'IIl'l' of UIt' 1l1'Il"r
critical field, all the boundary condition ill. the Sllrrat,t~ uf till' sllpl~rlilHi.,,, illHI LIll'
dctaile<1 nature or lhe gt.'OlIIdry colillidl~rt~d, 'l'llilt Slldl il st,t1sitivity 11il,~ Slltllt' hasis
ill reality, imd ;11 nut simply Il11 llrtifad of 1I11' fOflUidislIl IIst,d iu lilt' iUlillysis, is
supported by lhe faclth'lt the calc\llllll~d resulls obtaiell~tl fl'tJl1I lilt, ]J1'l'Sl~lll, lIuaJysis
shown in Pigs, 4.12 and 4. [:I provide a goat! <Illillitativc at'l~Ollllt uf thl! "Url'l'SlltlllrlillJ!;
expcrimclJtal results given in Ref. [41]. Tllis illdiciltt:ll thaL tIle suhtll! ;mllll\lrit:
effects mallif~ted within tht~ de C:CIIlWS- Wtlrl1lil11lt~r th{~tJI'Y art~ at 11l1lsl I:Ol1SisLt:ul
with observation,
4.a Effect of Spin Paramagnetism
For the particular choice of pa.rameters IIsed ill lllt~ Pf(~ct~tlillg lU1alysis Wt~ filill 1.1,,:
zero tempcrature critical field lo bt~ sllhsllUlli,~lly hi;h(!r than I.lw l)bst~Tvt,,1 V;dlll'
for all the gcometries COllsidcrt,tl. WI.ill! 11 lower villut: IJf U.t~ IlJll't~r critical lidtl
may be obtained by mollifying 1I1c ]JilTiUlleters Ilsed ill tlll~ ilnldysis, this rc!slllts ill
other discrcpancies betWl'Cli the ollscrv<:d data alltlllll~ ndclIlillt:d IlJlpl~r t:rilit:ld lid,)
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'J'h(~ large valuc or ~he critic:i~l field at low temperatures suggesls lhat pair break-
illg df(~cLs infhJr.l~d by the dcclron Spill paramagnctism lI1ay substantially lllodiry
llie f(~sults uf th('llr('c,',lillg iUlalysis. In ract, ~he upper critical Aeld at low tcmper-
atures is cornpilrable with thc pamrnagnctic limitillg field at T = 0, which is given
/lp(O) ~ 2.5 kaTe = 18.57Tesla,
91t H
('.30)
'I'll is irillicntcs that L1lc polarization energy of the eledrons is a substantial fraction
of the ComlellsatiOll encrgy.
1\ gell,~raltheory including spin paramagnetism and spin-orbit impurity scalLer-
illg, Ilcvclopcd by Maki (10, 671 and Werthamer (81] in the dirty limit, has beell
I~xt(~rl(le(l to the case or spatially modulated systems (3G, 42]. Neglecting the effect
of Ilpin orbit scalLering, the cITed or spin paramagnetism may be included in the
preceding analysis by replacing the expression for the transition lempemture given
hy Eq. (4.10) hy the relation
x(-<-, +/IBHlI)+lnl=o,
'l1rkB r 7fkB T
where X is dell ned as
('.31)
('.32)
The results or calculations including the effect of electron spin paramagnetism on
the (NrSN···) ami (SINS···J geometries, for p = 0.1, are shown in Figs. 4.14 and
'1.15 rL'lilwrLivc1y. While the re.\;ults obtained including electron spin paramagnetism
nre qualitatively similar to those presented ill the previous section, the effect or the
spill paramagllel;sm nevertheless leads to significant quantitative modification of
the IIpper critical field ctrrves, parlicularly allow temperature. The resultant upper
criti~al field curves are also ill excellent a.greement with experimental data presented
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Figure 4.1<1: Tll1~ lI]Jp,~r l:ritin~l lid,1 n~klllal,·,l il.~ 11. fUlldi'lIl of L"lllpl'ralllr"~ f"r tlH~
NSN,·· gt'tJ1I111Lry for liNl = IlN, fJ,7!idN, OJiliN, JUI,l U.'I.!if!N, illdlltlilll!, LJI" ,:/f,:d "f
eledron ~pill paramagnetism. The ,li1.sh'ld lilli' (:urrl:splJl1ds tl> SNS··· w:ul11dry
with liS1 = d,.;. Also illclllcl(~1 is t.he exp,~rillu~t1lal daLa of W. Mhj iLutl./. AllrLs 1<111
(rclHinted by permission frum.1. Aarls).
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Fip;llTl~ ·1.1;;: Tlll~ Ill'lll~r nitirallidtl c,~klllate(] as il. fllndioll of temperaLure for tlte
,...·NS··· P;l'OllwLry fur ,[,'11 ::: d.'i,O.7!i(ls,ll.5ds , lIull 0.2511.'1' including llw clfed of
I']l'rlwll spin Pa!·,llllilp;lIt'tisl11. TIH' t1i1shed lilll~ cOrrClip01l0S to NSN··· geomdry
wil,h liN! = liN. Also illfltlth'd is lilt, I'XI)l:rinH~lIlal datil or W. Maj and ,r. Aarls [011}
(u'prillll'll hy pl'rll1issinll fmlll.1. harts).
tun's of the Uppilt nitil'ld fil'ld for thusc' p,1'l1lU'1.til·S s1.llIlic·d hy ~'I'lj ami Aill'l:; aI'"
sumlllariZl'd ill lilt' Talll,' 4.1.
I (;1'Ol1Wtty I Thil'kllt,~~ of 1st. Ln.yl·r l Dimc'llsi"n,d Crtlsstll'l'r I
NIS'N ... ,f"'l I.mld", II":'NI -> 11,·~s
NISN·· 1/"'1 U.inl/", ",·:tNl ...... II,,~.,·
N1SN.. liNl U},l)llN ",·,I.~~ ...... "":INI -> II,.~.~
N,SN· rl"" _ U.2!jIIN 11"'1""1' fI,.,t"" • "'-l.'·
SINS· . ciSI - I.UUII.,· II":'N~ -11'-:"~1
SINS·· lilil O.7!irls 1I...1N·: ...... /I,·,lsl
SINS·· 11.~1 u.;;Od.~· !I,':l
Tabll~ '1.:l: Dilllc~nsiollid c:r()~~tlvel' uf lilt' Illllll'r niti"ill lid.l in till' NISN··· iu"l
5'rNS··· geollll'lri.'S c:u1llpos"d of Nl. ;Illtl Nh7.l" ill Maj amll\;n·1.s' "Jql<'ril1lC'lll.l'll].
rls =IG5A, d",=:NOA, ,wtlp=11.1.
4,6 Conclusions
III this c:liiLlltl~t Wll 111WI' t~:-:;tmilled 1I1l1 [lil1'ltlll'l lIppl~l' nitic:al lidtl in a llllllllfl'r of
sllperlattit'll gl1011l111rills, ill wllid, l),ll1'0I1'IJUIlI"lt "Idills Shil1'lld it C'Ollll1lCflI JI(~S "011'
piing <.01lst'\I11, tll,"sity uf stllks at lilt' Fb'mi surra.:!', alld Jkhy" l"IIlIWr;Llllrt" IlIIt
of the 1110re intriguing fcalutllS in lIlt:SI~ sysll:ll1s ari.~I~s from tlll~ disWIlLilll1l!lI.~ sllifl
in the lludl'lltiou sitt10f 11111 SUpt'rnmdllding .!nl'H· PiLnLIIll1tl~r, ill<!lwl.. l hy 11111 dis-
r.olltillllOliS cIlitllge in thll slUIH' of L1w upper criti(:i11 lidd. ThiN dft:t:l, lirst I'n'did..d
hy Takahashi and Tarhiki [5;1], hilS bt:.~11 cludirt1ll1d I,y a IIl11tlh,~r uf I:XI'lll"ir!ll~IILS
[37, 38,;m,'1U, 75].
Of IlUl'ticular inlcrt~Nt ill (Jilt rl~St'1UTh arc' tllt~ ,:Ir(~:ts wllit:1J l1liLy ],11 iLttrilmled
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to till' pn~'itillt"e uf tll,~ in.'ilrli,LillJl; sllhstmtt~, whi(.h IYt~ n~llr(';~wnt hy 11. free surface,
tilt, prr'S"llt illlalysis is the s'~lIsit;vityof the l"catioll of tlw Ilrrr.!flatioll ccntN to the
pn'S1:IWI' of LII" fns: sllrfal:t:, notably ill tire: N5'N .. and SNS .. g,~ometrydiscussed
irr Sldioll 4.l. This ;ivI:!; rist) to two important. reslIlts, the first is that the ratio of
tlu~ uppl'r t:ritical fid.ls, 110 :1/ 11.:"1' shows a wmplicatl~d dep'~I](lcncc on temperature
ami /l,lslllldry "Ild 1:lIrr yid.l ViLllIt~s IXJIlsitll'mhly Iliglrer than those obtailll~d ill the
t'iIS" ur il hllnHl~'~IJl'lIlr. .. syst"Ill. Tlw s,~·oll.1 n~ll!t is that till' upper critical field
<'rrrv" ,11'1)l:lllls stn>1l/!;ly lIlI tin' lliltllrl~ or lIll' initialli~y,:r.
Tlw ,'xlJ('rilllclltall~villl:lI"I~for this pn:slictctl licllsitivily COUles from a detailcd
nlllll'iLri.~Oll of diff,:rt'llt dill" sds for Nb/NbZr superlatlices, Those sUJlcriattice
,liIfl1l' prilu:ipall,v ill llll' ord,:r ill whir.h till' Iily,~rs ,m~ dl~posill'(1 Oil illl insulating sub-
s1.rlll., 1~ll,ll1l1l dim,.. in tile 1.hit:kl1t~~s oftlr~ illitillllay,~r, denoL(:d by Nl 8N .. and
...·1 N .... ", H"th ur till' l"I'Sulls r"pr..~~t'lll,~ cri1.it:altcsL or lim d~ Gcnnes-Werthanwr
1.Ill'ory til" Uw proximity df(:d. 111 the fornr~r t.:aSl·, tIll' ndll at which the nllr.lealioll
shift is C!r,sl~rvl'lilo tllTllr is shown lo s<~tisfy the scaling law given by Eq. (4.28) for
lim'" Ililf.'renL /!;l'lJllwtries. lvloreovcr it is slrown thalthe cOlIsLallt, which depends on
lilt' ddllih·d Wllrrn' uf Lilt' gt,tJrtldry, cml bll cakrrlated USillg dt: Gelllles-Wcrthamer
tlll'"r)' witll parallwtl'rs d"tt:rrl1illl~11 rrom tlrl~ lltl!k properties of th'l componcnt met-
nls rur Lhl' Nh/NhZr sn]wrhluifl's. In tht~ nlSt1 of llw ,~xperill1enlsof Maj amI Aarts
!'III, il i~ Si.e;llifinlllt that tIlt' (,ulllplt'xity regal"llillg the lo,~ation of llw nlldt~ation
n'llt.'r is rdl<'dl'.1 ill tht~ l'aknlall:t1 upp.~r niliral field curves, which Me ljualita-
livdy similar ttl thlls,~ ohsl'rwtl l'xpcrilllClltillly [78), This suggests that the sublle
df"t'ts arisillg fmlll L111~ intl'l"play of L1w frt'(l sllrfact~ and lhe layen~d strudllfe ill
,1t'l,I'l"l1lillillg lIlt' 1l1Idt~;lliul1 CtllllCI' an~ aL Il:ast ('ousistellL wiLh observation.
An"t.lIl'1' result that t'lllt'r~.'s frolll till' prt's,:nL analysis is L11l: impol'lanc:e of the
pair brt'ilking dllC~ 10 l1w dl't'lWu spin pilr;U1HI~lIl'tisl11 in 1,111' ,'HSI' of LIlt' IH~'I'1'l'd
Nb/NhZr slrndllrl's, This l'lfl'c'\. snhslHlltiHl1r l','cllll'(,,~ LIlt' I'Hklllatl'(l \'Hhll' llf tllc'
1l1l1'Cl' critical field i~l low tl'lIlpI'mlltrc~, \Vith tIll' irwlllsillu uf tlw Spill pilrlltrlHI\-
udism llu~ l\P;rt'I'l1Ic~lll hdw"tlll th,' "1l11~1I111t."c1 IIppl'r' nil.il'ill til'!d ,'un'c's fill' lu.t.h
till' (NrSN .,.) and till' (SINS"') gt'tIlIIl'lril's;lrl,lt11l' n,rr,osluJlr,lirll\ ,'xl,,'rillll'IILal
Cllrv,"s {.JJ] isgooll.
Thl~ p1"t1lI'lll 1I11alysis dl'llItlllstmlt'S thill., IlI"lll'idt'd tIlt' 1\1'<)l1lt'l.ri,· d1"I'("t (If nil'
fr~~ Sllrri~((~ imd lht~ pair bn~,~killg dkd of lilt' dt'c·trull spill p;~rlllll;IAuc'1.islll HI"!'
illcl\ldt~d, lire tie GCllues- WI~rLll<lllll'r lllt'or,V tlf till' pl'llximily ,'If''I·t pruvic1t's a wry
satisfactory ql11l1ltit.ativI~ d'>j;nipt.ioll of tilt' p"mlld llPlJt~r t~ri1.i"ill Iic'ld ill htY"I"!',1
NIJ/NhZr systt~ms. It shul11tllll' IItJ1.I't11hal. ,dluf till' 1IaI'imw1..n: 11.'1''11 ill "loI,'lillilll-\
lIw ~lIrvl'S Jlrl~sl'ntl~d in Figs, <\,14 mrll '1.I:i, UII IVlliI'lr this t'olldllsiull is l,as,'II, II\11Y
he ddt~rl1\jllp.d indt'pl'llllt'lllly. Tilt, rluSt' il!:nll"tl hd,wI,t'lI t.lrl'lll'y 1tllel t'.'qll'rillwul
ohtained within this work slI£,gl$ls Ural IL CPllLllli1a1iVt' sludy "f 1I11lt:r 1ISpl"'!-'I of
cOllsidtwable vidUl~. Otll~ sHc~lr sl.lltly '~U1WI~I'II.~ thl~ 1I1I1\11];Lr dqwrllll'lIt:" ur till' "pl"'''
criti~ullidd lLt 1L li)wtl 1o~rll]Jl'ra1\1l"I', analtl/!,'"ls 10 our wurk 011 sIlIH~r,·oll<llIdill).!, IHllls
presentl'd ill ehap1t~r :1. This rl~t'lllTh i.~ jll't,s"Jllly in Pl"op,I"l'ss.
Chapter 5
Summary and Conclusions
We have re<lerivc<;1 thcde Gennes-Werthalller dirty limit theory from the microscopic
BCS theory Ilsing the Green's function method. The application of this theory to
inhomogencous sUI>crconductors has hccn examined for both supercollductillg films
allflllllllLilayersystellls. Studies of the angular dependcncc of thc upper critical field
(0 :$ 0 .$ !lOa) for the forlller geometry reveal the importancc of the surface effect.
[HI] ,llHl tile size effect in determining thc upper crit.ical field, while for t.he lat.ter
ca.~e, dclaill~d st.udics of the upper critical field lead t.o a number of experimcnt.ally
testable thcorctical predictions. The results of our numerical calculations show
11xccllclli. Illmntitative llgreclllcnt. wiLlI exist.ing experimental data.
In this ell,Lpter, we will brielly review the basic properties of the de Gennes
thL'Ory anti summarize the key results obtained from the research described in t.his
thcsis. We then draw a number of conclusions based 011 t.his work and discuss what.
rclilt.ell problems require furt.hcr analysis <lnd investigation.
A detailed review of t.hc microscopic theory for convent.ional superconductors
WilS prcsented ill Chilpt.cr 2. We derived the Iineari7..ed Gor'kov int.egral equation,
81\. (2.61),
for il homogencous supercomluct.or from the BCS theory. We t.hell went. on t.o
m;alllinc how Lo evaluale the kernel, Q"" in the linearized Gor'kov equat.ion for
Lhe case or electrons in a. rantlomly dist.ributed impurit.y potential, by means of
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the Green's function method. The sollltioll for the kt'fUd iu !l1omcntUl1I ~pi\n\
Eq. (2.96), was given by
Q-(q) ~2rN(O) {H,"'''-'(iiMf -,-'r
where T denotes tile electron collision tillw.
Applying the long wavc length approximatioll.lql .... O. to this kl~r1l\'I, 11'1' slmw\·d
thaL it reduces Lo the result jlfoposed hy de GCllllC'S £01' a .lirty sllpI'n'\lIllllll'\'ill~
alloy, which satisfies the three-dimensional dilfusion t~quati(ln, Ell, {1.IUUj,
(2\wl - 0'\7 2 ) Q... (x - x') = 27f N 6(x - x').
The consistency betwCCli the kerucl in the lineari;',Cll Gor'kov \'(IUaLioll under tlw
long-wavelength approximation nud lie GCllnes' kt~rnd liUggCStS thllt tlw tlrihill~d
Gor'kov theory for n homogencous supercollductor may be readily exLt~tlllt~tl lu ill-
elude inhomogeneous supercondudol"li, provided the hOlltldary t;ouditiuns awl l:U11-
tiuuity conditions of the kernel in de Gelllll'-S' proximity theol'y am illl:orpomtcll.
Following de Gcnlles' work, we cxamillt:tl the iullul!lIcC of;~ planar ,~Ilrfat:t~ IUlllil
planar interface 011 the kernel Q", ami showcll how tim dft~ds t:llullllw Ilesr:rilu'd by
supplementing the de Gennes diJfusion equatiou willi Ct~rt;tin houtlIlal'Y iLll<lwuliult-
ity conditions. Using the lineariz(.'(1 Gor'kov equaLion, the IllllllIUHry atttlwnLilillity
conditions obtained for tile kernel result ill ~l!rlaill buundary and 1~lJlllillllityClJIJIJi-
Lions on the gap function. The L1K'Ory was then gcnerali:wd to inc.lude lIw t~m~l of
an applied field Lhrough the scm i-classical phasc intcgral Il.pproxilllaLilJll, wltkll i,~
equivalent to the replacement
'\7_n=V'-i~A.
While this theory may be readily applied to an illholllogt:neous lillpl:rClllldudor,
a single film and multilayer systems, two lL'iSUtnptiotls mad(J in ()htainin~ Ulili thellry
should be emphasized.
CI"l/J(ef .~. ,<.j'll/unary Mid Grllle/usioll.'> 152
Tlll~ lirst is llil: [oug-wavt:fellglll ililproxirnation, Iql .... O. In applying this the-
UI'y lei ILII illlllllllOgCIlI'tlIlS system, e.g. a bilayer, this approximation fC(luires that
til" l,i~(~llvalllc lIscll ill Wertll1l1Jwr l~llllatioll, Ell. (a.8), should be small. Cerlain
rl~sulLs for til(' trilllsiti1J1I tl:mperatllr(~ at zero ~c1d in a hilaye:r systcm, based 011 the
<II' Cl~llllcs-Werlh;ulwr thl1Ory, are inconsistent with this approximation {44J.
TII(~ Sl~(:mlll is tile 11.SS11ll1jltion thilL (Ie (:('lIlIeS' continuity condition, derived in
tlll~ ,:nSl' of II single illterrac(~, is allplicahlc Lo a system with multi pic intcrfaces.
WliiJI~ W(~ IlitVl~ nul examined the validity of this assumption theoretically, the qll1U1-
tilativl~ cnlllpari~ulI of the theoretical rcsults of our calculation with experimental
,11Ita suggests tlmt it is inticcil valid for fl. wide elMS of multilayer systems.
III the Ii\.,~t I,arl of chapl.P.r 2, we reviewed brieny the recent devclopment of
,l,~ (;(~1II1l'l;-Wertllalller theory, notallly lhe Takahashi-Tachiki formalism, For thc
partienlar C:L~I~ or a two COlll]lolleut 1ll1lltilayl'r systcm, in which the component
Illdals shnl'(~ thc SllllJe transition lemperature at zero ~cld, e.g. Nb/NbZr, the
Taknlwshi-Tachiki formalism re(hICl~ to the de Gennes-Werthamcr theory. While
Lllis is 1m irllt~n'l'iLillg and impoftallt (:aSl~, it does not rcally provide an a.dequate test
of tile Takahashi-TlIl'Itiki rormafisll1 amI oLhcr rcccnL generalizations of tile de: Gellncs
Llllwy, A more llctm\llding and revealing test would be the carcful and systema.t.ic
,'ulllplirisllll of lhl' Takahashi-Tachiki fortllalbn with the large amount of existing
III chal)l.t.~r :1, we ililplicd tlJ(~ d(~ GCllllcs-Wcrthamer theory to a superconducting
lilul to study till' temperaLure rlepcmlcnce or the upper critical field in the parallel
lil·liI 1~IL~" and Llw angular depcnrlcnceor the upper critical field at fixed temperature,
'I'll<' nUll-trivial dt~llCndetlcc of tho;' eigenvalue, ,\, un the wave number, k, in the
p,lraffd fidd fnSI~ is cll'arly shown by tile numerical resulL of Fig. 3.2. For thin films
w,' (\lnnd th;\t tilt, miuilllUIll cigcllI'aluc, '\", fOllnd at ko = 0 can be analytically
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expressed as
through the \\lean field apllroxilllHLiull. This ('xprt'llsiull 1lls{l shows tlllll. tllC' c'i~I'll­
value ill the thin film limit, ,\- = ~h, is llpplinlhl,' Lu II willl'r rim!;" of (ihll I.hirkll"ss,
211. :s .,fi~H, insLead of 211. « ~II as l\'laki [(iTI sllAAI·sLc',1. Th,' tIi.~Litid tI'Il1IH'ra-
ture dependence of the llPIl(~r critical (kid ill lilt' thin lilm ':;IS'~ awl fur t.llC' illliuitl'
gcometry arc given by Eq. (:1.2) and 8<1. p.:l). TIll' l"('I;t of dmpl.'r :1 wm< d('vtll~'(1
to a detailed analysis of the l~lIglllar d('pellliellrt~ uf the UPIll'r aiLic:al lid,l fur II
supcrconducting film.
A general framework for calclllatillg tIle auglliar d'~llell,Ic'lI(,(!of lllilliulllll1 c:il>t~ll­
value was established in terms of au eigellflllldion (~xpansioll mdhud. Tlw furmul'l
serving as the basis of our lIumel'ic:al t:a1culalioll W1U1 l;ivclI I,y
dctlu, ml£{k)li,ll) - £(kll = (),
with matrix clement
(j,ml£(klli,lt) [,\j +'\", + .(;·j]5;j5,,,,, - ~:~.r;j Z,,'"
+ k[~l';jh"",....r;:;:;;;;:o-Z"",liij~].
Using tbis formula, our numerical resl11ts S!lI)W'lfl that lht~ lI11dl~r1yill/o; l~iW~I1VitIIlC
problem for tlw finite-angle ease dil;l~rs f[lli\litativdy froll! llmt applit:ahl(~ I.u L111'
parallel field case. This is best set'n froll1 llu~ fad LJlat thc~ 11linill11l111 dgt~nval1U~ ill
thc tilted field casc, prcscnted ill Fig. :Ui, is illllt:plm,l"nt of \\Ii\V'~ lllllllh"r, in wlllr;L~t
with the non-trivial dependcnce of thc minimum l~iW!llv1LIIWon wav,~ Il1llJlllI'r ill 1.I1l~
parallel field casc prescntcd in Fig. :1.2.
The full angular depcndcnce of tlte UPllC:r erilkallidd III lixl~11 L'~lJljJeratllrl! WIL~
obtained using thll fie GCllUes- 'WI~rtllall\l:r flJr!lli.llisl1l frlllll the Illinill1111l1 ,~il;"Jlvalllt~
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cakulatcd frulll Eq. (:l.!)fi). This calculation is ....alid for both thin and thick films
illlll all Mlgk'H ill the Tiluge 0 < 0 < '/(/2, The calculation of the full angular
derWlIIlellcc for iL s(~llli-infillitcgeometry is also given for thc limiting case of a thick
fillll. While our results w~rc consistent with Tinkham's results for thin films, we
Wl~rc ;~hll: to show that Tinkham's forlllula, givcn by Eel. (3.55), is not valid in the
l:itSe~ of Lhick films, cvell if the experimcnLal values of 1111 and Ih are used. In
l:omparing the full anglc-dcl'endellt upper critical field of a thick film with that of
i~ semi-infinite gc~ometry, a elilllellsiollal crossover was fOllnd from our theoretical
Otlculatioll presented in Fig. 3.11. This dimensional crossover reOects a transition
frolll surface drect to size dfc:ct as the angle incrc<U>es.
The upp('r critiwl field ill the limit 0 _ 0 IVas studied in detail by COJllI)uting
tlll~ quantity, limo_o 1i11fI
T
, as a function of the reduced applied field, h. The
llulllerical results arc consistent with the eXI>Tcssiou obtained by Thompson [24J
and Tll.kanaka [fiG] in the sllperconducting film case, Our calculation shows that,
witllin 1I1e nllmerical prec.ision we rCllr:hcd, lim'_D n.1fHIT is very close to zero at
II = ho := I.G2. This re~lllt contradicts th(~ earlier work of Saint-James [2Jj and
.~IIPP{Jrtx Tholll)JSOII'lS tlll~rctic1l1 allalysis.
While the existing experimental data sholl' tIle presence of a cusp, (1.<; predicted
hy Saint·Jamcs [21j aud Thompson [241, a quantitative comparison between the
l1w(Jrclical results and experimental clata show significant differences. The earlier
I'XpC~l'illlental data [71, 23} were in good agrccment with Saint-James' theoretical
prc{lidiolt. Ilowcver, later eXperilllCtlts carrieJ out by Harper azul Tinkham [69)
~h()w{,tl that the valne of li1ll8_0 7i WlI"/' at the cusp lies between Saint·James' and
Tlwlllilson':; result., Harper and Tinkham's measurement is obviously ill contradic-
tion of Saint·James' theoretical result. ILs deviation from Thomllson's prediction
ami ollr calculation may be attributed to imprecision ill the measurement of the
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slope, due to limitations in tl)(1 allglliar N'solutiull ill th" l':'(p,'rinr,'nl~. TI\l' 1J\l~~ibl,~
error involved in the lllen.~UrCllWnt of the qllarrLil,y, lime_lin '¥II,/,' "all~l'd by lim-
itations in the angular resolution \Wl~ c'stil1laLt,tlll~il1g Ell. {:I. 1Ill) alltl til{' rt'sl\lt~
were presented in Pig. 3.14.
In chapter 4, we studied the tempcraLurt' tlepc~ndt'lll't~ ,)r tlw lIppt~r tTiti...~1 lid,1
in 11 multilayer system. In this das~ or s~'~tcms t11l~ t~trt'ds uf At'Hllwtr)' nris.' ,IS
a consequence of the inlrercllt modulation illllluse,1 hy till' lal'l:r·,·\1 strudUrt' ;1II,1
surface eITects. Both play itll important. rull~ in tld\~l'lllinillg t.lw UI'P"I' l:rili,.ill lidt!.
Particular atteution is paid to the Nh/NhZr 1l1lr1tih~ycr syslt~11I IlS it. sal.isli,·s, ttl a
good aplHoximation, the requirrlllcnt that 1~s = '1~N, anti i~ lI~etl ill a rllllu1Jt~r ur
experimental studies.
We calculated the upper critical ~c1d or;~ sllpcrlallit~tl llllllld, NII/Nh'l..l·, '~Ol'l''''
sponding to the sample prepared by l<\lWil-~ill'..a et al. (:18]. Tlrt, ddailc'd ,le'IH!ruknt:l!
of the eigenvalue on wave numher WiUi pr'csl~nted in Fig. 4.2, whidr I'xplkitly shuw
the ~hift ill tire nucleation center i~t the critical l'e<hrcc!cl tlric.krwss, It- = 'l.O!'i. Us·
ing the de Gelllles·Werthllmer formula, with t.he mirrimum eige~nvaillc PI'(~c'ut\,,1 ill
Fig. 4.3 (a), the temperature dependence of tire Ilppl'r e:rilicallidd fur til is srllmr·
lattice model shol'ln ill Fig. 4.3 (b) ;Irt~ ill goud cllIilnLitativt, agl'l:c,lllt'nt witlr tIlt'
experimental data of I(uwasawa el al. [aRlo Tltt: irrvt~stigatinn or till' uppl'r ,;!'il.kiLi
behavior was then extended til a sellli-irrfinite sup,:rlitltil:(~ witlr urll~ rrc~~ snrriu:l:. Of
particular interest in this Lypp. or geomdry iln, clfed.~ allrihllte,1 tu lIr" pn'Sl~lrr:C~
or a frcc surface and the interplay helwrn:n lire! surface e!fl:d allli lim dfc!t;t "r tlr"
modulation.
For a sample with a ratio or tliFrusioll cOllstants give'll I,y H;:= fUl!'i, WCl slr(Jwc~,I,
ill Fig. 4.5, that the NSN· . gcometry urr(lcrgoes a shift in tire llllr.!l:itlioll siLl: frcIHl
Lhe surface to tire cenler of one iulerior N layt!r at )"w ilPJllie~11 lid,l, an,1 L1U~1l from
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tlw r::cllter of one interior N layer lo the cellter of one interior 5 layer a'i the applied
lidll iHcrel\.'lC'i. The Iil~colltl lIudentioli site shin corresponds lo the interfncial efrecl
f(llJlld ill a !l1J]ll'rlattice geometry, which indicates the presence of the Takahashi-
Taclliki dfect in this scmi-illfiuite sUllcrlaltice, The first shift in the llucleation
sitel:orrcsponds to iL trallsi~ion from iI. pitre surface supercontlucting state to a
bulk :mperconductillg stale. Both shifts ill the nucleation sile llHl.nifest themselves
as lliscontilluitie.s ill the slOI>e of the temperature·dependent upper critical field
Ilfl~'ietltcd by curve (2) ill Fig. 4.7. We <Iescribe the transitions corresponding to
!.lie discouLilluous slopes by IJc:JN -+ Hc"lN -+ /las. The first transition, denoted by
IJ<3N -+ ''<"IN, shows ollly a very shallow discontinuity in the slope of the curve and
l1lt~rcfow is difficllh to detect froll1111easuremcntsofthe upper critical field. However,
n~ccllt \~xperil1lelltlll mea3uremenls of the logarilhmic derivative of the upper critical
lid,1 for the lIlultilllyer Nb/NbZr system, carried out by Kuwasawa et al. 182], show
dearly that two distilld upper critical fields are found at temperatures Ti and T;
al widell lhe logarithmic derivative of the upper critical field changes abruptly.
For tile SNS .. geometry, the Ilucleation sile ull<lergoes only one shift from a
surface to the center of alit' interior 5 layer, as shown in Fig. 4.6. The temperature
d(~pt~ll(lenre of the upper critical field is presented by curve (3) ill Fig. 4.7. We
{ll~crihc tile upturn of the upper critical field in this geometry by Hcas -+ H.'ls,
Comparing the results outaincd for the N$N ... geometry with that for the
SNS "geomdry, we conclude that the surface erred is crucial in determining the
llpJIl,r critical field of a 1l11lltilnyer 8ystcm. The importance of the surface effect is
llesl ~hOWll hy the two di~tillct upper critical field curves presented ill Fig. 4.7, cor·
resJlonding to the SNS ,. and NSN .. geometries, respectively. This theoretical
prediction wa~ confirmed by the experiment carrit.>d out by Maj and Aarts (411 in the
Nctllt'r1ands, who arrived at this conclusion indellelldently througb their systematic
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experimental work.
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Through a careful {'xaminatioll of the Wil\'(~ llllllllJ('r d('Pl~IlII,'nt'<' uf LIlt' l'lA('lll'alm'
calculated for the given gcomelry, we fOllnd thllt the shift in lllt' llnch'atiun sill~ :llld
the subsequenl upturn ill the upper critlc<tl field on;ur whl'lI
where the functioll U call be ca1culal('d 111l1llerkl1lly for a ~i\'l'll pplllu-try. Tltis
implies a sf:aling law lhat the llppl~r critit;al fidd, 1I", al whidl ll,.~ llptUfll " .... \lr:-;,
is inversely proportional to UIC squllrc of tllI1 11l0dllialioll l(~ngth
This scaling law was shown to he satisfi(~(1 by several sels uf I'Xlll'I'il1u~nlal (!lIla,
presented ill Table 4.1.
We calculated U as a fundian of p for (] = I, for tlw NSN "', ."iN,':'" .. ill111
the superlattice geometries. The n..osulh WI~]"(~ shown in Fig. 1\.10. III tlw 1:1t.~{~ (If LIII!
(NSN···J geometry, tile shift in the llndcatiutl centre, "'':IN --+ IIrJ ,'i, is .1"SlTilwd
by the upper curve for p > 0.08, while for p < 0.08, lltl' two lJranclll'l1 uf tilt! np!,'lr
curve describe two successive shifts in the 11llcbllion Si1.ll, d('II,,1.,~d hy IJr:IN -t
H.2N -t H~s. The lower curve corresponds to tlill sllift ill 1I1l~ ll11d,~ation sil"
HoJs --+ H~s ill SNS .. geometry. Wllile fur 1~ giVI!ll 1Il1l11.illly,~r syst'~111 (:uHtainill~
sufficient layers with u = 1 and 'J's = 'IN. lim lIlagllitlldl~ of the apr,li(~.1 lidtl ;ll
which the upturn or the lemperature dependent I',mtlld UI'pllr critical lid.1 UO:llr
for both NSN .. and .'iNS·· geomelril.'!l Ilrc prf1,lid{~(1 Ity the llppl:r m..l l"wt:r
curves in Fig. 4.10, to observe the upturn of the llppt~r critical fidd ill (~xp(Jrirllt~lIl,
the inequality, E(!. (4.29), has 10 Iw satisfied.
The last part of chapter ~ consisls of a .lc:tailed qllalltilaliv(~ ,~x;llIlill1ltioli "r till:
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lie GCIlIICS- Werthamer formalism Lo multilayer systems. The temperature depen-
,Ienw of the upper critical field as wdl as the upturn in upper critical field for two
snls of IllllltitaYI~rsystems, corrt~~p01Hling to the samples studied experimentally by
Mll.j ,lilt! harls [-111 and iI1l/strat(~d schellmtical1y in Fig. -1.1 I, were examined. For
Lllose two seLs of s;ullples, Lhe surrace effed was investigated systematically by vary-
illg lhe thickness of the first layer for both NSN .. and SNS "geometries, and a
quantitative I:Olllparison with the experiment data of Maj and Aarts was made. The
m~nlLs of onr calculation for the upper critic'll field, shown in Fig. 4.12 and 4.13,
,If(~ ill excellent agrc(~lI1ent with the experimental measurements over the entire tem-
pUrl1Lllrt' rangt], provided the effed of the spin parnnmgnetism is included. While
most of tht] upper critical field curves in Fig. 4.12 ami 4.13 exhibit a discontinuit.y in
the slope that arises as a consequence of the shift in the nucleation site, it is worth
ll11tillg that. the S{I/2)NS .. geometry exhibits a smooth upper critical field curve.
III t.his geometry, the nucleation site moves continuously from the Nl layer to tlte 51
!llyer as the appliC(1 lielt[ increases, reflecting the fact that a superconducting sheath
I~)(ist.s over the enLire t~ll1peraLllrc I·egion. The various reatures of the upper critical
lidd for t.hose sillnples preparcil by Maj aud Anrts 141] are summarized in Table 4.2.
Ccrtain conclusions may be drawn from our theoretical studies. First the dis-
r.repallci('s bcLwl:ell the earlier theoretical st.udies on the angular dependence of the
1l1lpCr crit.ical lidd of sllpcrcollllucLing films may be at.tributC(1 to non-analytical
hdli\viour of lIle eigenvalue problem in the limit 0 -+ O. The validity of the ap-
proxi1l1atiolls lIsed by previolls 'l.lIthors Illay he examined ill the light of our exacl
1l1lnH~rical results. It. was also shown that t.he non-analytical nature of the angular
lll1pclldellcc in the limit 0 -+ 0, wonld also make the precise experimental determilla-
tioll of the slope, lim6_0 WJIT' difficult. It is interesting to note that the size effect,
introduced hy tht' thicknL'SS of t1w film, manifests itself in both the temperature
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dependence and lhe anguhlr del)\'ndc'nCl~ uf llH~ uPlwr critic',l1 fit'l.l aud II'all~ ttl a
dimensional crossover from two di1l1('Il!!ionul twhm'ior to lhrl'I"llillll'lI~iullalllt'ha\'i,)r,
which should be observable expcri11lclitally. Finally. our tll"on-tiral re~lIll, witlliu
the Iramework of OW theory, .'xlt'nds 1111' klllJWII'dg.~ Ilf tIlt' St'l'llIlll ul'tln pllas,' lrall-
sitioll ill sllpercolHluctivity for n. slllWrr.01Hllldillg nllll ft'IJII1 n Cll-l-xi~I.I'UI·1' l~lll'\'" I,ll
a co-existence sHrfaCl~ in the phase ~p"rll spalllll'd hy (11 11 ,111 •I.).
For all the nmlWaycr clIses 11'11 stlltlh-d, 0111' I'akll';~tion~ show tIll' illlportanC"t'
of the surracc saperconducling state ill '!dt'rll1illing 1.1", upl",r nitkal lil'l.1. TIlt'
persistence of this surface supcrcondncling ~tate ste1l1S froll1 th(l1l1,u~rtJHrf)llir 1l;ILllrt~
of the superconductillg order parameter cULlI ellII 111allif,~~t it.self ill 1111 l~nlmuC:Ctl
parallel upper critical fiell!. III addition til tIll: inlluen,;c of lhe surfaw dfl'd 011
the macroscopic supercolillucting orllcr paral1ldcr, t1U11110cl\lI;~tion.,rlIlt, 11111Itil ..yt,r
system also plays an importllnt roll' ill .ldcrmillillg thl1 Hpalial varialillll or lh,~
order parameter, This was shown in our work hy the I:Ol11plllX llt!pellflen,;" ul lll"
Ilucleation site on the magnetic field ami rc..'Sultllnt It:l1IpCl'1lt.Urcl dC~]lctlcl'll1t:C of tlll~
upper critical neld in the mullilaYI:r syHtclll. One ClJnscq1lt;II~1' of t,llis IY;~~ 111<~t
our calculatiolls showed that the uppcr c:rilical lieltl WIl..'i l~xtr(1lHdy Sl~llsitivl~ lu t1w
properlies of the iniliallayer, The ract that this HensitivilY W;~'i alSlI pn'SI~lIl ill lIll:
conesponding experimcnts or Ma; ami Aarls iH or S01l1(~ i1l1p(JrtILllt:t~ i~'i it sllAAests
that this sensitivity is not simply an Hrliflld Ilr lhe dCl Genllc~~ rllfl1lllliHl1I, Thes"
cak'llations taken together with the experimcntal r(,~~llltH tht~rdurc pmvi,lc, it l:ritkal
lCllt of the dc GerlnCli boundary and clllltilillity conditionH.
There are a numher or interesting 11.11(1 illlporl'Lllt cxlcl1si,m.~ to tile r~'il;arc;h
presented in this thesis, One ohvioliS cxllmsioll is the evaluatioll or tIlt: ,LlIgllliLr de-
pendence of the upper critic,,1 field in tlll~ ~1\..'iI~ "f the slllu:rlallicl:, particularly ill tlll~
limit 0 --+ O. Recent experinwntal data [821 Hhow dbcolltil1l1itic~s ill l1w logaritlllllic
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,lt~rivlLtivl~ uf till: anglliar dCllImrlt:ur.e of th(~ upper critical field, limo_o WIlT' th'lt are
I'I>~si)'ly correlated willi shifts ill tlH~ 1I1lcl(~ation site. Also, whilc we have bccn able
tl' obtllin guod agrecmcnt hdwccn theory and experiment for multilayer ~ystellls, it
slum!'l he noled t!lilt we Ilavt1 rcstrictl~d om eonsideration to the case where both
tlw f:Ull1positll IIIctalsshare the sallie transition temperature. A far Illorc dcmanding
and 11Ilssihly revealing test of the de GI:nucs formalism would be the extensiou of
th(lS(~ ~tu<lics tu tile r.ase 7~s :f T.N or to the case in which one of the components
cllllti,illCd nmgnctic il11llUritics. It wuuld also be feasible to extend this work to
examinc tile region just helow the upper critical licld. This would be carried out
hy 1111 appropriate application of Ahrikosov's theory of the vortex lattice {7] basell
(Ill tllC eigenvaluc solutions obtained for the superlattice. It would be interesting
to disr:over whether tile vortex lauicc would be commensurate or incommensurate
with the sllll'lr1attice and what consequellces this would have for the magnetization
r.llrVt~ IIiHI the critir.al f.lIrn:nl.
l·'illilily we Ilote that allthu discussion containe{l ill this thesis has been directed
towards .~o calk'll conventional superconductors. While there have been a number of
experiments dOllc 011 synthetically modulated high Tc compounds, the theory of the
sllpercondllding state in these compounds is not well understood and it is far from
{)hviol1~ that the de GClIlies theory of the proximity effect is applicable to them.
How('ver it shuuld be noted that these COlllpoun<ls do exhibit a. second order phase
triUlsitioll ilt the lIJ1ller critical field. It would be interesting, therefore, if certain
phe1l01l\1:l1a ohli(:rv(~d ill the high T. compounds were also prcscnt in multi!amellar
strudurCli composed of r.ollventional supcrcomluctors.
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A.I Gor'kov Equation and the BeS Gap EqUlItioll
111 scction 2.2 of chapter 2, we obtained t1)l~ Gor'kov ,~qll;llilll1. E'ls. (:L'ifi) ,lIul
(2.5.5). We wish to show how the Gor'kov l'lillatioll may IH~ n~tlll('(~tl to tilt: lles
gap equation [91, and how HIe formula for the transilion l"lllj>t:mlllr,· ill lies Ult~,r.v
may be recovcred by solving Eqs. (2.5G) mul (Viii) for 1l splltial1y h'11I10W'lltlllS
superconductor ill the zero applied fidll case, spt'c.ili,·d hy
A{x) =0,
Vex) =(J,
.6.{x) =6
Eqs. (2.56) and (2.56) call be writ.lell, ill this cwm, as
(A.I)
[ihwn - ~(_ihV')2 +11] 9(x,x'w,,) +6Ft(x,x',w,,) = fdi(x - x'), (A.:1)
[-iliwn - ~(ih\7? +1£] Ff(x,x',w,,) - .6.fO(x,x',w,,) = II. (A.;l)
The translalional invariance of the ahovl~ (~llIaLi(JIIN implies tllilt
O(x,x',w,,) =O(x-x',w,,) ,
Ff(x,x',w,,) =Ft(x - x',w,,) ,
(AA)
and hence we have the F'ourier transfurmatiull ur tile Matsui/am fUlidiulis with
resped to spatial coordinates
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Ft(x - x',w"l = (1.1fr~J Ill/,; cik'{X-X'lFf (k,w,,). (A.6)
SlllJ~lillltjllg I~q~. (A.5) anti (A.G) into (A.2) "l1d (A.:I), we gl~l
[ihw" - {kl9(k,w,,) +.6.Ff(k,w,,) =tl,
[-ihw" - {k]Ff(k,w,,) - .6.*Y(k,wll ) = O.
wllere tll11 order paramctcr .6. is of the form
TlllJ solutiOIl!! of thc ~qs. (1\.7) allli (A.8) ilrc givcn by
elk w ) _ -h(ihw" +{k}
!t , " - h2W~ + {~+ 1.6.12 '
}'I(k w ) _ hi:::."
, " - h1w~+(~+16.12'
~(J the liI'lf-consis1.clll equation for the order paramelcr is
-, J IPI.: Itt::.
.6. = V(hfl) ~ (21T)3 (Ilw,,)2 + E,- '
wilh
(A.')
(A.S)
(A.O)
(A.IO)
(A.II)
(A.12)
(A.13)
We dirnilmte thc COlllTllOn factor 6. in 8q. (A.12) and complete the summation over
w" using the following formula,
!,~J ~ j~,;,~':: = =F CPZPT 1 '
wht'rc T correspo11lh. to Bo.~on and Fermion, respcctively. We obtain
(A.11)
(A.15)
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Eq. (A,12) is thus writlcn as
1t;:1
This equlItion Ilelermiul"5 tlw lr'lllMition kl11l't'Hlllll't' IUlll nrtll'l' par'lll1t'll'r 6('1'). Al
T =Tel the system goes to 11111 1101'111111 ~li\tt! 1111 llmt 6('1~) =: n. amI E'I. (A,lti) ill
of the form
(1\,17)
This equation allows 115 to write down lilt' ,'xpn~~iull fur lrau~iLiull lc'llIpI·r.,1urt· 'I:.
ill the bulk sUI>ercondudor lUI
1~ =711w" cxp(-I/NV) (A. IX)
where 7 is Euler'li cOllstant This is thl~ Sl\JUC rt:sult ill< th..1 uf Il(~S tllt:'ury, uh1ainl,1
by means of a varialiollal method [9J.
Another interesting limitillg case is the value or the Ilrdt~r pl.rilum!.t!r al 'I' ::: u.
In tllis case, Eq, (A.1G) heconws
I:::VNkh"''' (f2;1~2)!=VNlll(~I), (A.I!l)
50 that
.0.(0) =:lllWllt~'(p(-IINV). (A.:ltl)
11IUllericai cakulation and we 110 1I0t Ilisr.',sl< it Ilt!rt:.
A.2 Spatial Representation or 9"
To obtaill the slmtial variatiolJ or the IItlt!-l'arlicll~ Gn:t:II's rlJlIdi"lJ ill Ih,~ aIJSt!lt!:t!
or lhe impurily potenlial and lllat;llclic lidtl, we wril.A: t!uwn E'I' (2.fjil)
I r.il'·(X-X'1
g.(x - x/,w) = (21')-1 J '{',I -it.} _ { ,
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;Illli (Jdill(~ 1I11l f(Jllowilig Vitriahles
E, == i;;(Jll -II})
clE,==lldp/m
II=:: l'p + {/VF
N"" mpl"
21T1
rilp = 11FIHlprln
= 2lr1N d{rin.
Thus we obtain
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(A.22)
9,,(x- x',w)
("-23)
wiLli :r = Ix - x'i.
Choosing Llu: ollltour ill thc uppcr hair planc
Filially,
w>o
w<o
w <0
w>O,
(A.")
(A.")
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A.3 Diagrammatic Representation for FOllrth Ot·dcl' TCI"III
X~X' X----Il
("I (/') x'
X:1Lx, X~_x,
X~ x~
(fJ 11-_x,
x'
X~X' Xi)12-(11) x'
IWi
F'igurc A.l: DiagrarnaLic rcprrn;cllLaLioll or lll(~ fourl.ll Or/lilT ll~TIII ill l.lll! pl,rlllrlmliClII
expansion or Eq. (2.74).
!GO
X2
' ,(i); x
X~
'"' ~X'
X~
'" c:L--x'
Fi,c,lIrt, A.l: lJiagrall1i1Lir n~pn'scllti\Lioll of t.he rOllr~h order term in the perturbation
l·xpal1.~jo:1 uf Ell_ (~.;~) (rolltill1wd).
Appendix B
B.1 Non-Analytical Behavior of the Eigcnvaluc Equal.ioll
rorf(~spoll(lins to Lhe limit 0 -t U is ,li.~I·llssl·ll. III SI·t'1.iull 11.1.1. <I IIl·rl,lll'lllll.illll
eigenvalue equation. III scctioll B.I.2 aut! B.I.:I, the orLhollUl'm,l! I,asis USI',ltu s"ll'\'
the partial differential I.-'tjuatiutl is ChOSI'Il. Finally, ill sl'r.liun 11.1 A, it, is shuwlt lltat
tIle secular c(jltiltiult ,'pprundll'i'i fur 0 -t II dilfl'l""Jltly fur n = tI allli n oF O.
B.l.I Eigenvalue Equation
We wish to find the 10\\'I'st ('ig(~lIvallll~ of tlw partial Ililf"n'nti,,1 ..qllat.ion
{ a' [. a . ]' ii'}-- 1- I- +(xcOSO-::SlltO) -~ 5'(.r.,y,::) =€.1"(J:"l',::) ,x y rJ::
suhject to the boundary conditiutls
") I:':""'5' =ll.
i);r r=±"
The solution is of tlte form
where ¢(x,::) satisfies tI](~ Cigf~tl\'llll!l' ,~tlilillil)lt
[ i)' , il']-a;:;+(-k-;uus()+:sitlf)) -;;;;i lfl(J:,::) = t:t/J(:r.,::) ,
l/i7
(11.1)
(11.2)
(Il·"l
(It.",
AfJ/J(~lJ(ljx /J.
0!!.1 := n.
;)x .,=:1:"
lOB
IB.S)
[II ol"ll(~r to ~how I.ht! 1I01l-11lHllyl.k.1l1 hdlilvior of tllc cigcl1val1l(~equation in the limit
0-+ U, Wl~ modify till! alJ{}v(~ eip;CIlValup. eqlliltion hy illtrmillcing an small pcrturba*
I.ion putt~ntial rl"'::~ ttl give
[ 'J' I)' 1-~ +(-k - xcosO +.::sin O)~ - i};i + O'~.::l t/!... (x,.::):= £ ...T,I!,,(:r-,.::).
Wl1llfl~ OllViDllsly intcmsted in the limit
(B.6)
Ill.7)
(B.B)
wilerI' fAx) satisfies the Wcbp.r cquatioll (:U!I) and tile subscript j denotes the
B.1.2 Harmonic Oscillator Equat.ion
TIm functions 9~,('::) ~atisfy the ('<Illation
(B.9)
Till! !lntelltilll pilfl may he writt(~ll il~
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A trans]ati011(LllransforlllilLinll
I k:<inO
;- =:- sin2 (}tn2
can be made, and tl1<: C(luaiion nOlI· Il('CllIlWS
[ ,p . , ",]", (" '.'n')",-"'d'?I +(SlII OtCo'); rI",(;)= ,\",- sin2(J+n2 !/",(:).
\Vc further defiu{' ,l scaling tnlllsr"mwl.i"l1
lli!l
(11.11)
(ILl::!)
and lhccquaiioll becomes
t]le boundary couditio11s arl' noL dHI1)/;(~d hy llH's(:;"lilll\. Till' t'i~l'IIVlllll(,s lIlay Ill'
readily fonnd to he
Using Eq. (6.12) and the eiAl:llvallWS (f1.I!'I), it nUl be vl:rifie.llhal
satisfies the Eq. (8.12). The lIonnalizlltiflll "r th(~ "iW~lIrUlidioliyid.b
filN",=~~
(B.I!;)
(B.lIi)
(H.I1)
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awl
, ( , ')ip,,,(r) = ,r- r.:;::;---; exp -- r Hrn (7) .
vlI"v2"'m! 2
Nuw W,) ll.~'·
(B.I8)
alld till) matrix dellll!llL is expr''''I~(~(J as
z,.. 1: ,[, 9;,1* g;(,)
1: d::'!J:(::') (::' +~il~~1:0(2) 9~(::')
1: \!Ulf'~,,(r) ~ V'u<P~(T) +'Sil~~I~Ocr2 0,,,,,
~!0i"+T 0"",,+1 + vn.l"m,"_l] + Sil~~I~°(t2 6",,,,
I ksinOJ2UZ",,,+~6,,,,,, (B.20)
with
z,,,,, = [..;;i"Ti h""ll+1+Iii 6"",,_1] . (B.2')
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8,1.3 Eigenfunctions for Weber Equation
IiI
In this section, we derive lhl' nmlrix dl't1It'lit Xij, gin'l1 b.\' I~ll. p.!lll}, ill t"fms uf
the Kummer fUllction {7ol. The t~qllat.ioll
may be wriUt~t1 as
(1I.:!2)
with
Aj = (2/1j + l)cosO.
The parity of Ii is specified by
j = (J,2,'I,··
j = l,a,!'i,··
(11.2<1)
In terms of the Weber and l(lltllnWr fllllCLiolls [7ul, WI' wr;LI' t,III' IIlllltll"lllaliZt'tl
eigenfullctions as
/;(x) YI((I,X~); (j=O,2,<I,"')
e-t(~~)2!v1[~(l +~,~, ~(;tV~-u~;;{jl] (11.'.1:1)
e-+(~~)2M[_!1. ~ ~(;t~)1]
:.!':,!':.! '
fAx) Yl(a,;I:\I2~~); (j = 1,:J,r"",)
x~e-t(..,nc;;;o))M[~(t+i,~,~(x~)2] (11.:.16)
x~e-t(rJic;;;O)'M[~ ~ ~(x~?]
2 '2':.!
where a = -(v) +~).
The recurrence relatioll of the \Vd,,:r fUlIr,lions
-~ IYI(ft,t) + ((~ + ~)Y'~(IL + I,t)
-~IYAft,I)+!ll(ft+1,1)
I"·")
(1l.'.1M)
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with I. =x~giv{~s ri~(~ to
172
']'ll{~se lwo t'(lualiolJs delermine the cigenvalues of the eigenfunctions Ii Ulrough the
IHJlIlIdary rlJlldit;on
,/ I
-/ /j(:t) =0,
IX r=:I::.
which nrc wriltcil explicitly <IS
1'(lIj) 0 (8.31)
~ M[-~,~,~((l~)~]+"jM [l-~,~,~(a~)~],
O(l/j) 0 (8.32)
-I ~, [,-",3' -'J ['-V.3' ro--;;'lT(lIv2WsO) M -,-, 2' 2(av'2 cos 0) +M ~''2'2(av2cosO) ,
whl,rl' ;(cros of P(l/j) 1I.1Id O(l/j) give rise to the eigenvalues IIj for even and odd
l:igcnrliliclions.
The normalization constant of the Weber function may be cxpressed as
Cf-~ L: J](x)dx (B.33)
L: Ui(lI,xVZ-OO;O)llx
I j.~
../iCOSO _.~ ui(a,t)dl
1". c-~(r~)' M 2 [-!¥,~,~(x~?] dx
I j'.n= I' [v. I , Iv'2'COSO _.~c- I M 2 --t'2''2e dtj (j=O,2,4, .. J,
and
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C;-2 Eo J](x)dx (It:I.I)
fa yHa,x~)rl;r
I ja"rr;:;;;o
.;rc;;:o _~~ !,~((/,t)rfl
{~(x~)1c-tlr.;:r;;;;ol" M 1II ~ /lj ,~ ,~(;t~l'l] ".1:
~j~~ t1c-!llM1[~))e]'/l; (j=I,:I,rl, .. J.
v2cosO _a~ l l.!
Thc normaliZCll eigenfullction are cxprl'sscd ,L~
Ji(X) CfYl(a,x~) (1t:1;;)
CTc-tlr..nco.:i11M[_!1.! !(;r.~)11
J 'l'Z'l '
h(x) Cj-Y2(fl,X~)
ci-x~(d(... .,q;;;;;;oll M [I ~".i ,~,~(;tvq~~;;{jl] (IUli)
with
Xii 1: J;(x)f,;(x)xdx
C'fc-:-ja~e-tllM[~ ~ !e] ~M[~ ! !t1 ]
, J _~~ Z '2'2 lcosO l'l':.!
J Ic-tt'M[¥.i,it'] MIT,~,~t11 L1 dL
.../2OOSO JI e-i 1' M2 [=f,~,~12] (UJI (:-t l' M2 [!T,~,iL11 [2dt
~Xij, (1:I.:m)
where we have used
A(J{Jf!lIf/ix IJ.
B.1A Matrix Element and Secular Equation
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In tlw Jlillwrl spaCl~ sl'allllcd hy the! dJO~(~ll cigr.nbasis li,m} = h(.'I:)Um{z), the
llIillrix n~prcselltillio!l of the (Iifrl~rcnUal opera.tor
[-:;+(-k~xcosO+;::sinO)Z_-:;+crz;::z]
[_~+xZCOS20].lx l
+ [_~+('{2:;2+(:SiIlO_k?]
- 2x I:OsO(:sinO-I.:) (8.41)
is wriLlell ilS
(j,IItICji,u) En dxf: dz h(·'I:)!J:,(:) L f;(x)g:(z)
( ),jCOSO+(2111+I)Jsin20+cr2 + . :'oa' ,) fi;jOm"Sill +cr
+ 2wsO Ed Ilx fi(X) X !i{x)f: d;::g:(z)(k-zsillOlu::'(z)
( ),jCosO+(2m+J)Jsin2 0+cr'+ . ~20a' ,) O;jO",,,Sill +cr
+ v'2'COOOXii [1.:0"".-SiI10 ~2"",- .\Soin
2
0 20..",]
V'2d Sill +0
( ),jCOSO+{2m+J)Jsin2 0+02 + . ~20·' ,) O;jO"",Sill +0-
+ ~Xij[. 11.:0'(1'2 25,n,,-SillO ~Z",,,].SllI +0 V2d
It is Sl"l.111 ULlil
,~i~b!~IJ(j,1/Ili,jj,n)
~~lIL\i~(\(j, mli.li, 11) !~J[,\iCOSO+ (2m + I)sin 010;;0",,,
-'VSillOCOSOA"J Z"",
(B.43)
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That the two limits do nol COllll1l11tl~ sholl':i till' nlllhl1HllyliGd propt'rL,1' uf 1.1Ll' ('il!.l'll-
value equation,
TIle serulnr I'C"luntioll is gi\'('11 by
(11,,1,1)
Using this secular eqllitlion, W(' (01l1lt1 tll,\t, proridt,tl ,l 1I0lH'illli:iliillp' 11 "" U is
inc1u<lcd, the 1l1inimuml'igcl1vahll', e:(k,O), obLi\illl~d (roTll UHr 11llllll'ri("ill ""kuhlti,,"
show(~d explicit k dcpcndcm:e and contirllwlIsly lll,q)S til e(k", ll) iI,~ 0 -, Il, wlil'IV ~.•
denotes the nucleation center foullIl ill par,ll],,1 fit'ld Cill«~. NI'vl'TlIlt'h'ss, in Llw cast'
of 0' = 0, e:(I.:,O) IllllpS to e:(O,O) as 0 .... °wlikh is "UITI'I',1. "Illy ill 1.I11~ lilin lillll1"I1SI'
cm-rcspondillg to k" = 0. For tht~ thick film C<lSI', it gives risl~ Ln a hip'll,~r ('iW'llvlIlllt'
found al k = °a11<1 the surf,LCc supCrCOlltlllf.lillg sLate c,~'«: enrn~polldinp' lu ~:" of II
cannot be rccovered.
Appendix C
C.I Evaluation or the Eigenvalue or Small f-I
III thi~ AIljll!llllix, WIJ 1[I,rivc II l"t'1icalcd eigcnvalue C1lllatiou, &1. (C.16), in Lhe lilnit
II -+ ufoI' a lllllitilaycr ~y~tcm. This Clluation allows us to treat the lllult.ilayer
~Ylilclll ali i\ homogcneous superconductor with an elfectivc coherence length «1/ =
.,f[iil,S ex; ,fl5SJJN amI ohtain the cigcllvalucs for a superlattice and a scrni-in~nite
Supt'l·lal.lke givlm in Eq, (~.20) and Eq. (~.25).
Ld's cOlisilll,r till) lIo-node solution which gives ris(~ to the lowest eigenvalue, we
U(:r.) = P(x)~ lu b(x).
The eigcllVi\luc 1~(lmttioll (a.19) becomes
(C.I)
fhn(;r.)
i!xH.(~:)
_11.2(x)+~X2_~_..\ xEN
_~R2(X)+~P:I:2_4-..\ xES.
(C.2)
(C.")
We wish to show how E<]s. (C.2) ilud (C.3) may be solved, subject to the appro-
I)riatc bOlllltlary coullitious, iu the limit II --+ 0, and t.he minimum eigenvalue ..\"
[11 tlw limit H --+ 0 tile magnetic coherence length ~1/ goes to in~nity hellce the
rl'lhlt·l.'d thir.kness of the laYl~rs, f, = (f/~/I, with rl beiug the physicill thickness of an
Nor S Inyl'r, becomcs vanishingly small. In this limit E<]s. (C.2) and (C.3) are well
;lJlproximatt~tl by thl' 1ill("ilrizl~d dilference ("<]ualions
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IC.'I)
(C/,)
To solve thcsc 1inenrizc(1 (~'Illations ill Uti' limit f, - ... 0 \\'1' "I'ply t.Iw nl<lrSI'
graining procedure dcvclopt>d in llll' analysis 'Ir :·wlf Silllil,1r llllllt,il,llIll'lIar lattin'
sLruclurclI[50]. Tllctedllli{llleCOllsi,I,'rs lI){'slIlJl'I"llItticellS'l1l nlt"rlH.till~S"lllll'll'·"llr
S (SNS) and N (NSN) trilayers. Usillg llie CUIlt.iUllity "f 1,111' 1"V;;lril.lulIi,: ,I,'r;\'atil'{'
9 atlhe interface betw(''ClI tile layt~rs, togdllcr with EllS. (C.'I) ;~lld {C.."i), it i.~ 1)l>ssil)l(~
Lo obtain a set of rescaled C<]1HLtioIlS for till' slIpl'rlaLLir.(· C011lplls(!(1 or i1lllTllatin!!,
trilayers, namely
l lJll)~'"0(1) = !('lp+ I)#(1)= M'l +II)
Repealing the procedure 111 limes yidds lh(~ equalions
[
I . 1 010,). ]R(xd = R(xn) - D(m) ;j{J(m):r.f,-~" - pll~(:r./I)
( [
I , 1 ~I"'), 1R{xd =R(x/I) - D TIl) :j0(m):r./l - 2"" - p/l (:r.Il)
with
l lJ(m)~:l/J("'-')a(m) = ~(2u(m - I) +[1(11I- I»){J(m)=1(~f~(tn-I)+o(III-I»)
~; EN (C.fi)
:r- E,'; (C.7)
(C.,)
;r.E N IC·"I
;r.ES (C. ",)
(C.II)
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TllI~ ;dJOVl: (:(j1l11tioll~ lIlay he solved alld tile explicit form for D(m), Ct(m) and
fJ(m)oIJlnillcd. WI: fil1r1ihat lim"._",,[n:(m) -J1(m)] = 0 so that the above difference
1:'ltilltiollS redllw to a siuglc difference Ctluatiull
l'rovifbJ I)(m) is suHicicnl1y !i1l1all we I:an approximate the above difference
mpl1lti"H I>y tht, Ilifrf~l'('t1tiall'(pmLioll
(C.14)
llu(x) = ; R(x) , 0.:rl/= ~x, ~u= 0P>., (C.15)
WP ('alll'l'sTille l1w 1~(llll\ti(lll (C.I~) as
df~;~;':Il) =-UMxu) +~xh - ~AII' (C.IO)
Applying 1~(I. (C.lfi) to aSllpcrliltLire gc:omdry yields the result >'1/ = I and thus,\ =
,jii. fur tile SI'llli-inlillitc sllpcrlatLicc (NSN···) or (SNS···J wilh the boundary
nllldil.ioll ilL r!l'C surface llu(O) = u, the eigenvalue call be readily calculated to give
[/Hil
{ "" ~ JO.590IO 1/--+0 (C.l7)
>'/1 =U.5901O
i!Ullhl'llt'{'
:1'= JO.5flOIOyP(1 +p) IJ -+ 0 (c.la)
.,
whi1t:
>. = O.59010,jP 11 -+ O. (C.I9)
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